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Introduction 



Throughout this paper, g is an integer more than two. 

Siegel varieties are locally symmetric varieties. They are important and interesting in algebraic 
geometry and number theory because they arise as moduli spaces for Abelian varieties with a 
polarization and a level structure. 

The purpose of this paper is to study smooth toroidal compactifications of Siegel varieties 
and their applications, we also try to understand the Kahler-Einstein metrics on Siegel varieties 
through the compactifications. We discuss the geometric aspects of the theory after the works of 
Ash-Mumford-Rapoport-Tai and Faltings-Chai. Later advances in algebraic geometry have given 
us many very effective tools for studying these varieties and their toroidal compactifications. 
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There is a general theory of compactifications of all locally symmetric varieties D/T{D a 
bounded symmetric domain, V C Aut(D) an arithmetic subgroup). Every variety D/T has its 
Stake-Baily-Borel compactification, which is a canonical minimal compactification. But this 
compactification has rather bad singularities. In another direction, Ash, Mumford, Rapoport 
and Tai, in their collaborated book [AMRT], use the theory of toroidal embedding to construct a 
whole class of compactifications with mild singularities, including, when T is neat, smooth com- 
pactifications. Faltings and Chai use purely algebraic method to construct arithmetic toroidal 
compactifications of Siegel varieties. 

A toroidal compactification A 9: r of a Siegel variety A g ,r '■= Sj g /T(Sj g the genus-g Siegel space, 
r C Aut(f) s ) an arithmetic subgroup) is totally determined by a combinatorial condition : an 
admissible family of polyhedral decompositions of certain positive cones. As well known, the 
natural Bergman metric on fj s is Kahler-Einstein. The first author believes that the intrinsic 
Kahler-Einstein property on an open manifold M should be helpful for finding a good com- 
pactification M of M, and he has thought this problem for a ling time. In this paper, we can 
assert that the Kahler-Einstein metric on A 9j r endows some restraint combinatorial conditions 
for all toroidal smooth compactifications of A g r (Theorem \37l\ Theorem 13.71 and Corollary 13.81 
in Section 3). Let us explain this result : Let <7 max be an admissible top-dimensional polyhedral 
cone with N = dim c A,, r (= ^r 11 ) ed ges pi, ■ ■ ■ pn- Each edge pi of fj max corresponds to an 
irreducible components A of the boundary divisor A» := A g> r \ A g> r- Assume that Ax> is 
normal crossing. Then the sections Sj of 0^ (A) defining Di(i = 1, • • • ,N) give us a global 
coordinate system on A g ,r such that we can choose a suitable Hermitian metric || • ||, on each 
line bundle O-^ r (Di) and the volume form of A 9t r can be represented by 

(0.0.1) 0> 9 ,r - dVa 



(nf=ill^lL ? )^r +1 (loglhlli,"-- ,log|M|7v)' 

where dV g is a global smooth volume form on A 9t r, and F-p is a homogenous real polynomial 
of degree g. Moreover, the coefficients of Fp in the formula 10.0. II are totally determined by the 
cone <7 max and r(Theorem l3.2p . On the other hand, the unique Kahler-Einstein metric on A 9} r 
guarantees the following equality 

^lEl d d^ g> r) N = JV!* fl ,r 

on A g> r- This equality defines a system of real polynomials, and the system of all coefficients 
of Fy gives a nature solution to that system of real polynomials. Moreover, that system of real 
polynomials defines an afiine variety g over Q, which is dependent only on Sj g . The important 
thing is that the set of all admissible top-dimensional polyhedral cones has an injection into the 
set £J S (Z) of all integral point of Q. 9 (Theorem 13. 7|) . 

As an important application of the formula 10. 0.1 1 in Algebraic geometry, we study the asymp- 
totic behaviour of logarithmical canonical line bundles on smooth toroidal compactifications 
of A g r (Theorem |4~8| Theorem 14.141 and Theorem 14.161 in Section 4). We find all logarithmi- 
cal cotangent bundles degenerate sharply even though K-^ ^ -|- D^s are big and numerically 

effective(cf.[Mum77]). For convenience, we fix a compactification A 9t r and write 
D oo = |J Dj, A,oo := |J Dj n Dt, and D* := A \ A,oo 

3 j¥=i 

Mumford also shows that the form ^^-dd$> g p on A g> v is a current on A 9i r representing 
c\{K-£ r + Axd) in cohomology class. Using the formula 10.0. 11 we obtain that dd<fr 9t r can be 
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extended to a continuous form on -4 Sj rU|J Dj, and that the restriction of this continuous form to 

_ 3 

cue}) D* (denote by Rest^ (<9<9<I> 5i r)) is a smooth form on D*. Moreover, the form Rest.o < ((?c?<E , g,r) 
on D* has Poincare growth on Di )00 . Therefore, we can regard ^pRestc^ (dd$ g> r) as a positive 
closed current on Di. Moreover, let || • ||i be an arbitrary Hermitian metric on the line bundle 
T (Di) for each Di, we get 

(% s , r +^) dtoc " sH -A 1 -A d 

jD h l<3<d,j& 

for any d(l < d < N — 1) irreducible components D^,--- ,Di d of the boundary divisor D^ 
and any integer I € [1, d] . (Theorem 14.14"]) . Furthermore, we observe that irreducible components 
of .Doo are all from lower genus Siegel varieties and the type of Rest^ (39<I> 9i r) is similar with 
the type of dd§ gt r- Due to this structure of self-similarity, we use the method of recurrence 
to deduce an integral formula : For any d(l < d < N — 1) different irreducible components 

d 

Di, ■ ■ ■ , D ( i of .Doo satisfying p) D\ ^ 0, there is 

i=i 

{K^ gr + D 00 )^ A ^- d -D 1 ---D d 

= [ d Rest, (Rest^ • • • (R es t Dl ((^dd<t> g ,r) diracA °- r - d ) ■ ■ ■ ))• 
J n D k HA DA 27T 

fe=l i=l i=l 

A direct consequence is that if d > g — 1 then the intersection number 

(K-j gr + jDoo )dim C A,r-d . Dl ... Dd = 

for any d different irreducible components D\, ■ ■ ■ , Da of Doo. Therefore, the divisor K-r +Doo 

on -4 9i r is never amplefTheorem 14. 16|) . 

In general, the boundaries of smooth toroidal compactifications have self-intersections (cf. jAMRT 
and [FC]). However, in most geometric applications, we would like to have a nice toroidal com- 
pactification A g> r of A g> r such that the added infinity boundary D^ = A g ,r \ A g> r is a normal 
crossing divisor, for example, in Mumford's work of Hirzebruch's proportionality theorem in 
the non-compact casefef. [Mum77] ) . In Section 2, we study the boundaries of smooth toroidal 
compactifications explicitly and we actually obtain a sufficient and necessary combinatorial con- 
dition for toroidal compactifications with normal crossing boundary divisor (Theorem 12.211 and 
Theorem in Section 2). 

On the other hand, the degenerate limits of Abelian varieties have been studied by Mumford, 
Oda-Seshadri, Nakamura and Namikawa. Deligne's Theorem(cf.[Del71J) shows that the nth 
cohomology group of an arbitrary complex variety X carries a canonical mixed Hodge structure, 
and that the structure is reduced to an ordinary Hodge structure of pure weight n if X is a 
complete nonsingular variety. Thus, toroidal compactifications of Siegel varieties can be related 
back to degenerations of Abelian varieties or to degenerations of weight one Hodge structures. 
Roughly, there is a correspondence between the category of degenerations of Abelian varieties 
and the category of limits of weight one Hodge structures. The Hodge-theoretic interpretation of 
the boundary A g) r\Ag } Y of toroidal compactification is given by Carlson, Cattani and Kaplan in 
|CCK79j . Thus, we believe that any rational boundary component(cusp) of a Siegel variety must 
parameterize some class of mixed Hodge structures. That is the motivation for our studying 
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cusps of Siegel varieties. Recently, Kato and Usui generalize the work of Carlson-Cattani- 
Kaplan, and use the idea of logarithmic geometry to give toroidal compactifications of period 
domains from view of mixed Hodge theory (cf. |KUj ). We explore this topic, and obtain that 
the Hodge-theoretic interpretation of the boundary of Siegel varieties coincides with the classic 
description given by Satake-Baily-Borel in [Sat] and [BB66] . Actually, we show that any cusp 
of Siegel space Sj g can be identified with the set of certain weight one polarized mixed Hodge 
structures (Theorem 11.171 in Section 1). 

The results of this paper, the methods and the techniques in this paper, are essential to all 
locally symmetric varieties. Thus, the results of this paper can be generalized to general locally 
symmetric varieties with same methods and techniques in this paper. 

Acknowledgements. We would like to thank Professor Kang Zuo and Professor Ching-Li Chai 
for useful suggestions, and the second author particularly thanks Dr. Xuanming Ye. We are 
grateful to Taida Institute for Mathematical Sciences and Mathematics Department National 
Taiwan University, the final version of the paper was finished during the period of our visiting 
TIMS. The second author is also grateful to Mathematics Department Harvard University for 
hospitality during 2009/2010. 



We begin by establishing the basic notation. 
Notation. 

For any real Lie group V, V + is the identity component of V for the real topology. For any 
linear space Lk over a field k, a finite field extension k C K allows we to define a linear space 
L K := L k (g> K. 

Throughout this paper, we fix a real vector space Vr of dimensional 2g and fix a standard 
symplectic form ip = f j ^ g ^ on Vr. For any non-degenerate skew-symmetric bilinear form 

i\) on Vr, it is known that there is an element T G GL(Vr) such that t TipT = ijj. We also fix a 
symplectic basis {ej}i<j<2 9 of the standard symplectic space (Vr,^) such that 

(0.0.2) ip(ei,e g+i ) = -1 for 1 < i < g, and ^(e^e^) = for \j - i\ / g. 

• Denote by V% := ©i<j<2 9 Zej, then Vr = Vz <8>z ^ and V% is a standard lattice in Vr. In this 
paper, we fix the lattice Vz and fix the rational space Vq := V% <8>z Q- 

• Let Vq^ be the rational subspace of Vq spanned by Q-vectors {ek+i, • • • , e g } for < k < g—1, 

and V^ g) := {0}. Define := V^ k) ® M for < k < g. 

• For any Z-algebra we define Vjr := V% ®% £K and we write 

(0.0.3) Sp(#, 9t) := {h £ GL{Vn) | ip(hu, hv) = if>(u, v) for all u, v G 

Since detM = ±1 for all M £ Sp(g, Z), Sp(<7, Z) is a subgroup of Sp(g,Q). Define 
(0.0.4) T g = T g (l) := Sp( 5 , Z), T g (n) := { 7 G Sp(g, Z) | 7 = I 2g mod n} Vn > 2. 

Each congruent group T 5 (n) is a normal subgroup of Sp(g, Z) with finite index. 

For any free Z-module W%, we use W to represent a linear space over Z( i.e, VF(9^) := W%®z%K 
for any Z-algebra 9a), and we define GL(VF) to be the algebraic group over Q representing the 
functor (Q — algebras — > Groups, *H i — > GL(W^)) (cf. |Milj ). We always write GL(n) for 
GL(M^) if ranklU^ = n. For the fixed free Z-module Vg, we also define Sp(V,ip) to be the 
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algebraic group over Q representing the functor 

Q - algebras — ► Groups, m i— )■ Sp(V, V)(^) := Sp($, 5H). 
We know that Sp(V,ip) is an algebraic subgroup of GL(V). 

• Two subgroups S\ and S2 of Sp(g, Q) are commensurable if Si n S2 has finite index in both 
Si and £2- A subgroup T C Sp(g, Q) is said to be arithmetic if p(T) is commensurable with 
p(Sp(5,Q)) n GL(n,Z) for some embedding p : Sp(V,^) ^> GL(n). 

By a result of Borel, a subgroup T C Sp(g, Q) arithmetic if and only if p (T) is commen- 
surable with p (Sp(g, Q)) H GL(n , Z) for every embedding p : Sp(Vj^) — >■ GL(n )(cf.Chap. 
VI. [Mil] ). Then, a subgroup V C Sp(g,Z) is arithmetic if and only if [Sp(<?, Z) : T] < 00. 

• Let k be a subfield of C, and Vu be a /c'-vector space. As above, we obtain an algebraic 
group GL(V) defined over k . 

An automorphism a of a A; -vector space is defined to be neat (or torsion free) if its 
eigenvalues in C generate a torsion free subgroup of C. An element h G Sp(<?, Q) is said to be 
neat(or torsion free) if p(h) is neat for one faithful representation p : Sp(V, ip) — % GL(V). A 
subgroup r C Sp(g, R) is neat if all elements of T are torsion free. If an element h £ Sp(g, Q) 
is neat then p (h) is neat for every representation p of Sp(V,ifj) defined over k' (cf . |Mil| ) . It 
is known that if n > 3 then T g (n) is a neat arithmetic subgroup of Sp(g, Q). 

• For any arithmetic subgroup T C Sp(g,Q)(g > 2), we can find a neat subgroup T C T of 
finite index. In fact, the neat subgroup T can be given by congruence conditions (cf. [Mil]). 
The Siegel space f) g of degree g is defined to be the set of all symmetric matrices over C of 

degree g whose imaginary parts are positive defined. The simple real Lie group Sp(g, M.) acts 

transitively on $j g as f ^ ^ j • r := . 

• Let o := \J —\Ig be a fixed point in S) g . The stabilizer of the point o is isomorphic to the 
unitary group \J(g). We identify o with 7r(e) where it : Sp(g, R) — > S) g is the standard 

projection. The element s Q := f ^ ^ ~\ in Sp(gf,IR) is an involution of S) g leaving the 

point o as an isolated fixed point, so that f) 5 is an non-compact Hermitian symmetric space. 

• From now on, let Gr = Sp(g,M) be the real Lie group with Lie algebra = flR := Lie(GrR), 
and regard := \J(g) as a real Lie group with Lie algebra f = f r = Lie(K^). 

With respect to the standard symplectic basis, we have : 

0R = ^) £M(2g,R) I D = - t A, t B = B, l C = C}, 

h = {( A n B a ) e M(2g,R) \ f A = -A, l B = B} 



-B A t 

^ {X = A + V^1B £ M(g,C) I X + T X = 0} =:u{g). 
A Siegel variety is defined to be A g ,r := T\Sj g , where T is an arithmetic subgroup of 
Sp(<7, Q)- A Siegel variety A g ,r is a normal quasi-project variety. 

• Any neat arithmetic subgroup T of Sp(g, Q) acts freely on the Siegel Space S) g , so that the 
induced A g> r is a regular quasi-projective complex variety of dimension g(g + l)/2. 

• A Siegel variety of degree g with level n is defined to be A g ^ n := T g (n)\Sj g . Thus, the 
Siegel varieties A g ^ n (n > 3) are quasi-projective complex manifolds. 
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1. Cusps of Siegel varieties from view of Hodge theory 



Let o := y 7 — II g be a fixed point in $) g . 

1.1. Homogenous rational polarized VHSs on Siegel spaces. Define 

U 1 := U(l) = {\z\ =l\zeC}. 

Let t G Sj g be an arbitrary point. Let T T (S^ g ) be the real tangent space at r and J T the complex 
structure on T T (f) g ) induced by the global integral complex structure J of Sj g . 

f) g is a Hermitian symmetric space, and its Bergman metric B is Kahler. Regard (f) g ,B) as 
a Riemannian symmetric space, we have a basic fact: 

Lemma 1.1 fCf.jH(^fc [DeT73] \ For any z = a + ^/^Tb G U 1 , there is a unique isometric 
automorphism u T (z) : fj 9 — > S) g such that 

• u T (z) maps t to r, 

• du T {z) : T T (Sj g ) — > T T (S) g ) is given by v h-> z ■ v := av + bJ T (v). 
The uniqueness of u T (z) ensures that u T (l) = Id and 

Ur{z\Z2) = U T (Z\) O U T (Z2) = U T (z2) O U T (z\), Vzi, £2 G TJ 1 . 

Therefore, we obtain a group homomorphism 

(1.1.1) u T : U 1 — * Aut(Si g ) = Sp(g, R)/{±I 2g }, z ^ u T {z). 
Furthermore, we can lift u\ to be a group homomorphism 

K : U 1 — ■> Sp(5,M). 

Since Sp(<?,M) is a simply-connected topological space. The uniqueness of u T (z) guarantees that 

(1.1.2) h M(r) = Mh T M~ l , for Vt G Sj g ,VM G Sp(s,R). 

Note that u 2 (^J— 1) is the involution of f) 9 fixing the point o, so h (\J— 1) is one of {± ^ ^ ^ ^ }. 

bmce that fo : U 1 ->■ Sp(5,M) is a group homomorphism and that h (XJ ) is a commutative group 

in £/(#), we must have h (y/—l) = ( ^ ^ 

Let G m := GL(1) be an algebraic torus. A priori G m = G m /Q is defined over Q, and thus 
G m (k) = k x for any field k containing Q. Following 1.4.4 in [Dcl73], we define GSp(V,ip) to be 
the quotient Sp(V, ip) x G m by the central subgroup {e, (e, —1)}, it is an algebraic group over Q. 
Let i be the composed homomorphism 

t : Sp(V,V) ^> Sp(V,V) x G rn — * GSp(V^), 
and i : GSp(V, ?/>) — > G m the homomorphism given by 

GSp(V,V)(M) -> G m (K), [( 5 , A)] i ^ A 2 . 
We then have a split exact sequence 

(1.1.3) 1 — * Sp(V, il)) GS P (F, V) A G m — ► 1. 

According to Deligne's Hodge theory (cf. |Del71 j . [Dcl73 . [ Del79] ) . each h T actually corresponds 
to a rational Hodge structure on Vm, of pure weight one given by a Hodge filtration 

F* = (F 2 C F} C F T °) = (0 C F} C V C ) 
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on Vc such that 

F x = the subspace of Vc spanned by the column vectors of 



Moreover, we observe that h T is polarized automatically by the standard symplectic form ip, i.e., 
F* satisfies the following two Riemann-Hodge bilinear relations: 

a) 4>{Ft, F?) = for p + q > 1. 

b) The Hermitian form Vc x Vc — > C (x,y) \— > ip(C T (x),y) is positive definite. 
Proposition 1.2 (Satake-Deligne [Sat]fc [Del73] ). Define 

6 9 = 6(V R ,V) :={F X GGrass(<7,Vc) ) I ${F X , F 1 ) = 0, s/^l^F 1 , ~W) > 0}. 

The map h : f) g — ^> & g r i — > F x identifies the Siegel space S) g with the period domain 6 g . 
Moreover, the map h is biholomorphic. 

Let 7T : Sp((7,M) — > S) g = Sp(g, IR)/U(g) be the standard projection mapping the identity e to 
the point o = ^—ll g . Then, we have the following commutative diagrams of differentials 

Ad/i D (z) 



-> 



(1.2.1) dn 



„ , v d(h (z))\ 

In particular, we obtain that a := Ad(h (y/— T)) is an involution of the Lie algebra 3 = 
Lie(Sp(<7, M)), and there is a decomposition of g(orthogonal under the no-degenerate Killing 
form) g = f©p such that f = Lie(K) = Lie(U(g)) and p = T (S) g ). Since /^(U 1 ) is a commutative 

subgroup in Sp(g,R), both f and p are Ad(/i (U 1 ))-invariant. Moreover, Ad(/t (exp( 27r ^~^ )))| p 
is compatible with the complex structure J a of the tangent space T (fj 9 ). Thus, the collection 
{J r } r e£) 9 is Sp(g, M)-invariant and is same as the original global complex structure J on $j g . 
Since J gives a decomposition pc = p + © P~ into ±\/ — 1-eigenspaces, we have : 

Corollary 1.3. For every z E U 1 , the adjoint homomorphism Ad(h (z)) : 0c ~ ^ 0c is given by 

Ad(h (z))\ p + : p+ — >p + vi — >z 2 v, 

Ad(h (z))\ p - : p- — >p~ v\ — ► z~ 2 v, 

Ad(h (z))\ k : f c — >fc v\ — > v. 
Now, we have the following composite homomorphism 
(1.3.1) U 1 ^>Sp( 5 ,lR)^GL(0). 

It determines a weight zero real Hodge structure on a ( cf . |Del73] . |Del79] ) . Actually, this real 
Hodge structure on q has type of {(—1, 1), (0, 0), (1, —1)} by the corollary 11.31 : 

0°'° = fc , 0" 1 ' 1 = P + and fl^^p-. 

Denote by 

Fo(s) ■= W , FS(a) ■= 0°'° © 1 '" 1 and F~ 1 (q) = flc . 
Lemma 1.4. Let q = Lie(Sp(<7,R)). We have : 

FP(q) = {X E 0C I X{F S ) C F^ Vs} for p = -1,0, 1, 
where F* is the Hodge filtration on Vc given by h Q . 
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Proof. The composite homomorphism U 1 Sp(g,]R) GL(End(Vi)) determines a weight 
zero real Hodge structure on End(Vi) = Lie(GL(VR))- Also, the composite homomorphism 

U 1 Sp(g,K) — q gives a weight zero real Hodge structure on g. The inclusion g C End(VR) 
is a morphism of Hodge structures by the following commutative diagrams 

End(V R ) 
(1-4.1) Ad(g) Ad(s) VgeSp(g,R). 

9 C > End(V K ) 

Write ^o' 1 "" := F*/F* +1 f ° r s = 0, 1. We obtain 

g*'" 4 = {X G g c | X^' 1 " 8 ) C i/^H 1 -*-* Vs} for i = -1, 0, 1. 

as a subset of End(VK) 2,_J . O 

Remark. (g) and i* 1 * (g) are then Lie subalgebras of gc- In particular, both g -1 ' 1 and g 1 ' 1 
are commutative complex Lie subalgebras of pc- 

Corollary 1.5 (Deligne |Dcl79|). Gluing Hodge structures {h T } T ^ g altogether, the local system 
V := Vq x S) g admits a homogenous variation of polarized rational Hodge structures of weight 
one on S) g . 

Proof. The relation g -1 ' 1 = {X G gc | X{Hq ,1 ^ s ) C Hq 1,2 s Vs} in the lemma [T~4l shows that 
the holomorphic tangent bundle of S) g is horizontal(cf |Sch73| ) . □ 

Suppose that T is a neat arithmetic subgroup of Sp(g, Q), we immediately have: 

• Since S) g is simply connected, the fundamental group of A g ,r has 7ri(»4 Si r, o) — T. 

• There is a natural local system V Si r := Vq Xp i} 9 on A 9t r given by the fundamental repre- 
sentation 

p:7Ti(^ g ,r,o)^GSp(y,^)(Q). 

Proposition 1.6. Xei r 6e a neat arithmetic subgroup ofSp(g, Q). M^e /ictwe : 

L 27ie Zoca/ system V 9i r admits a variation of polarized rational Hodge structures on At- More- 
over, the associated period map 

(1.6.1) h r : A,, r A T\6 g . 

is induced by the isomorphism h in the proposition \1.2\ 
2. Let Ag^ be an arbitrary smooth compactification of A g ^r with simple normal crossing divisor 
-Doc := A g r \ A g r- Around the boundary divisor D^, all local monodromies of any rational 
PVHS H on A gi r are unipotent. 

Proof. By the corollary II. 5( the local system V = Vq x Sj g admits a homogenous variation of 
polarized rational Hodge structures on S^ g . The arguments in Section 4 of |Zuc81| show that the 
VHS attached to V can induce a homogenous variation of polarized rational Hodge structures on 
the local system Vr, and so the period map hr is given by the Sp(g, M)-equivariant isomorphism 

h : 9) g — ^> & g in the proposition 11.21 

It is well-known that all local monodromies of the rational PVHS H around are quasi- 
unipotent(i.e., all eigenvalues of monodromies are roots of the unit). Since Sj g is simply- 
connected and r is neat, all eigenvalues of monodromies must be the unity, and so these mon- 
odromies are unipotent. □ 
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1.2. Cusps on Siegel spaces. Let (Gc) be the subgroup of Gc satisfying Lie(F° (Gc)) = 
F°(g), and Fj- (Gc) the subgroup of Gc satisfying Lie(F* (Gc)) = Fj^g). The lemma [PI shows 
immediately that Fj- (Gc) is the parabolic subgroup preserving the Hodge filtration F*, and that 
.Fo (Gc) is the unipotent radical of F° (Gc). 

Proposition 1.7 (The Harish-Chandra Embedding Theorem). Let g = Lie(Sp(<?, R)). The set 
& g is contained in the largest cell of <5 g . Precisely, we have a map £ : & g — > Fj(g) h i— > re/j 
where nh G Fj-(g) is determined by h = exp(n/ l )/i G , and i/ie map £ identifies <S g with a bounded 
open subset o/Fj(g). 

Proo/. Fori = 1, • • • ,o,letUj := v/ ~ T ^ fe ~' and u g+i := -^lui where {ei, •• • , e gj e s+ i, • • • ,e 2g } 

is the standard real symplectic basis of Vc defined in 10.0.21 Then, {ui, ■ ■ ■ ,u g } is a basis of F^ 
and {ui, • • • ,u g , u g+ i, ■ ■ ■ , U2 g } becomes a symplectic basis of Vc- The space F„ is spanned by 
ui, ■ • • ,u g . Since the group F 1 (Gc) is the unipotent radical of F°(Gc), we obtain that 

a G F„ (Gc) a acts trivially on H := F^ and Vc/H. 

We then have : 



neF}(o) <^=> n. G flc, n(H) = and n(Vc) C H 

<=^- re G 0c,n(wi, • • • ,U2g) = (ui, ■ ■ • ,u 2fl ) 

With respect to the basis {ui, • • • U2 g }, we write any element in gc = Lie(Sp(g, C)) as a matrix 
in M2 Si 2g(C). Therefore, we obtain that an element re G M2 9i 2 S (C) is in the Lie algebra Fj(g) 
», o 5 
A o„ 



o 9 o, 

A g 



if and only if re = ( ? n 9 ) with '^4 = A It is obvious that the map £ is well-defined and is 



J <j 



injective. Furthermore, we have that re = ( ^ ^ G gc has exp(re)/io G 6 9 if and only if ^4 
is in the bounded domain 

D g := {B G M(g, C)\ t B = B and I g - BB > 0}. 



□ 



Using the Harish-Chandra embedding 11.71 we defined 



6 g := exp{({6 g ) d )h 



where ((& g ) cl is the closure of C(©g) m Fj(g). The set 3<3 S := & g — 6 g is the boundary of & g . 
Corollary 1.8. 

W g = {F 1 GGrass(a,y c )|V'(F 1 ,F 1 ) = 0,v /T T^(F 1 ,F r )>0}, 
d& g = {F 1 G 6 g W^l^iF 1 ,^ 1 ) > 0,V(-, T ) is degenerate on F 1 }. 
= {F 1 G @ g jF 1 n F 1 is a non trivial isotropic space } 
A boundary component of the Siegel space & g = <3(V,ij)) is a subset in d& g given by 
5 r (H / R) := {F 1 G 6 9 | F 1 n F 1 = VFr C where Wr is an isotopic real subspace of Mr }. 

A £>th boundary component of ©(Vr,?/)) is a ^(Wr) with diniR Wr = k. We note 5({0}) = 
6 g and other boundary components are subsets of d& g . 

The group Sp(g, M) has a natural action on the set of all boundary components as 

M • ff(W R ) := $(M(W R )) VMG Sp(<7,R), 
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and & g is a disjoint union of all boundary components. In particular, 

o 

dG 9 = |J d(W R ). 

nontrivial isotropic WncVk 

The normalizer of a boundary component $ is the subgroup Af($) of Sp(<?, R) containing of 
those g such that g$ = 5- A boundary component 5 is said to be rational if its normalizer J\f($) 
is defined over Q(i.e., there is an algebraic subgroup C Sp(y,V) defined over O such that 
A/"(5) + = iV^(R) + cf.[MilJ). For convenience, a(/c-th) rational boundary component is called to 
be a(/c-th) cusp(or a cusp of depth k). 

We note that for any two isotropic rationally defined subspaces W% C W\ of Vr, the set 
{F/W2 I F G i s a cusp of &(W^~/W2, ip)- A &-th cusp of Sj g always corresponds to a 

Siegel space of genus g — k, in particular = .fjj.. 

Remark 1.9 (Cf.(4.15)-(4.16) §5 [Nam]). The following conditions are equivalent for a k-th 
boundary component $(W) : 

i. $(W) is rational; 

ii. W is an isotropic rationally defined subspaces, i.e., W = Wq Cg) R where Wq is an isotropic 
subspace of V^j(and so W-r = (Wg n Vq) © R); 

iii. 3M G Sp(#,Q) such that = M(W fc )); 

iv. 3M G Sp(#,Z) such that W = M(V^). 

Proposition 1.10 (Baily-Borel cf . |BB66| . [Dei73] . [AMRT] ) . The map # H- N s is a bijection 
between the set of proper boundary components of <5 g to the set of maximal parabolic algebraic 
subgroups ofSp(V,ip). Moreover, the boundary component 5 is rational if and only if is a 
maximal rational parabolic algebraic subgroup of Sp(V, ip). 

For any proper boundary component $ of & g , there is an isotropic subspace V5 of (Vr,V0 
with $(V$) = and so there will be an increasing filtration of 

(1.10.1) W?(R) = (0 C W§ C Wf C Wf) := (OC^C (V3) 1 - C V R ). 

This filtration 11.10.11 corresponds to a unique morphism w~ : G m — > GSp(V, ip) defined over R. 
We also define the cocharacter w$ := w'^Wq 1 : G m — > Sp(V,ip) where 

^o 1 : G m (e ' (0 ' 1) ) Sp(V,^) x G m — + GSp(V,V). 

We note that w$ is defined over R, and that w$ is defined over Q if and only if the boundary 
component $ is rational. We have the following composed homomorphism : 

(1.10.2) G ro (R) ^4 Sp( 5 ,R) ^ GL(fl) C GL(End(y K )). 
Define End(F R ) i := {X G End(y R ) | Ad(w$(\))X = A*X,VA G G m (R)} and 

(1.10.3) 3* := End(Vk) 1 ns = {A G | Ad(ttfj(A))X = A%VA G R x }. 
We then have 

5 = o" 2 e fT 1 © A -0 © s 1 © a 2 

C End(T/ R )" 2 © End(VR)- 1 © End(Vk) © End(Fa) 1 © End(Vk) 2 = End(V M ) 

by 11.4.11 and 11.10. 2i Therefore, the weight morphism w$ endows an increasing filtration on Lie 
algebra (respectively on End(VR)) 

W*(b) = (0 C W? 2 (g) C • • • C (0) = 0) 
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with 

(1.10.4) Wf 2 ( fl ) = g~ 2 , Wj^fl) = 0- 2 0- 1 and W$( Q ) = g~ 2 © g" 1 © g°. 

Lemma 1.11. Let g = Lie(Sp(<?,R)). We have 

Wf(g) = {Xgq\ X{Wf) C W* +l } 

and 

[Wf(fl),W?( fl )]cW* t (fl). 

Proof. Choose subspaces y- 7 of Vr such that we can write Wf = ® j < i V j , and define = {0} 
if j ^ [—2, 2]. Similarly as in the proof of the lemma [L4l we obtain 

g* = {X G g | X(V j ) C V j+i Vj} for any integer i G [-2, 2]. 

by the commutative diagram 1 1 . 4 . 1 1 and the definition of End(T^)* show that 

Therefore, the first statement is true, and the second statement follows the first one. □ 

Corollary 1.12 ( Cf . [Del73j . [AMRTj . [Mil90] ) . Let g = Lie(Sp(g, R)). Let$ = $(W) be a bound- 
ary component of the Siegel space $j g . We have : 

• Wq(q), W^ x (q) and g° are Lie subalgebras of g; 

• W^ 2 (g) an d Q 2 are commutative Lie subalgebras of g. 

Let {W-i C W C W\ C W2) := (0 C If C PF" 1 C Vr) be the filtration corresponding to 
For eaca integer i in [—2,0], we define Wf (Sp(V, tp)) to be the algebraic subgroup of Sp(V, ip) of 
elements acting as the identity map on (§)W p /W p -i. 

v 

We have : 

• Wq(Sp(V, if))) = is a parabolic subgroup of Sp(V, tp) with Lie algebra Wjf(g); 

• := W^_ 1 (Sp(V, ip)) has Lie algebra W^^q), and it is the unipotent radical of N*; 

• := W^ 2 (Sp(V, if))) is the center ofW^, its Lie algebra W^ 2 (q) = 8 2 *s commutative; 

• := the centralizer of the morphism w$ in , it has Lie algebra g°; 

is an Abelian group whose Lie algebra identifies with the linear space g . 
All above algebraic subgroups will be defined overQ_ if$ is rational. Similarly, we can define Lie 
subgroups Wl 2 (G) ,Wl x (G) ,W$ (G) of G = Sp(s,M). 

1.3. Polarized Mixed Hodge structures attached to cusps. For an isotropic real subspace 
Lr of (Vr, ■0)(resp. rational subspace Lq of (Vq, ?/>)), let 

Lja := {v e Vr I i/)(v,L w ) = 0}(resp. := {v £ Vq \ ip(v,L Q )} ), 

let Ljjj be the dual space of Lr in Vr with respect to (Vr, ^(resp. Lq the dual space of Lq in Vq 
with respect to (Vq,iP)). For any N £ g, there is a symmetric bilinear form ipw : Vr x Vr — > M 
given by 

(1.12.1) il> N (y,u):=i/>(v,N(u)). 

Lemma 1.13. Let $ = $(W) be a cusp of 9) g and let N be an arbitrary nonzero element in 
Wl 2 {g) = Lie(l7*(R)). Let W?{R) = (0 C W| C W* A C W| 2 ) := (0 C W C W 1 C Vr) 
weight filtration associated to the cusp J. We have : 

1. The inclusions Im(iV) C W and W 1 - C Ker(iV) are /ie/(i. T/ie element N induces a weight 
filtration W.(N) = (0 C W-i(N) C W (N) C Wi(iV) 6y settma Wi(N) := VR,W_i(iV) := 
Im(iV : Mr F K ) and VF (iV) := Ker(iV : Vr -> V R ). 

S. For any too iV"i, iV 2 G W* 2 (g), iYiiY 2 = A^i = 0. 
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3. The ipN can be regarded as a symmetric bilinear form on Vm./W~ l . IfipN is nondegenerate on 
Vr/W 1 - then W?(R) = (W(N)[-1})„ where (W(N)[-l\). is the weight filtration given by 
(W(JV)[-l])i:=Wf-i(iV)Vj. 

Proof. 1. The Lemma [TTT] shows that Im(iV) C W as N £ Wl 2 (g). It is easy to obtain that 

Im(iV) c W W L C Ker(iV). 

2. It is obvious by that lm(N 2 ) C W C W 1 C Ker(iVi). 

3. If there is a vector / u £ W (iV) \ W 1 - then iV(u) = 0, and so ip(v,N(v)) = 0. Thus, we 
must have W 1 - = Wq(N) = Ker(iV : Mr — > Mr)- It is sufficient to show the following claim. 
Claim: Im(iV) = W W 1 = Ker(N). 

Proof of the claim. 

• "=^" : Suppose Im(iV) = W. Then, ip(y,W) = Tp(y,lm(N)) = -^(N(y),V R ) = for any 
y £ Ker(iV). Thus Ker(iV) C W L . 

• : Suppose W- 1 = Ker(iV). Since N : j^^J ^ Im(iV), we get 

dimjK Im(iV) = dim^ Mr — dimjj Kei(N) = dim^ Mr — dimjg W ± = dimjj PI 7 ! 

□ 

Given a rational boundary component $(W), a positive cone C($(W)) in wff is defined 
to be 

(1.13.1) C(d(W)) := {N e WfJ^Cfl) I V-tv > on ^} 

where iJjn is a symmetric bilinear form on Mr defined in II. 12. IT cf. [AMRTj . [ CCK79| ) . Clearly, 
C($(W)) is a convex cone in g which does not contain any linear subspace. With respect to the 
cusp £ fc : = £(y( fc )), the positive cone is 

f Ok o \ 

Og-k u 

fc 

\ 0g- k J 

where Sym^~_ fc (M) is defined to be the set of positive-definite matrices in Sym 9 _ fc (]R). 

Corollary 1.14. Let $ = $(W) be a cusp of S) g and N an arbitrary nonzero elements in C($). 
We have : 

N 2 = 0, (W(N)l-l]). = W?(R) = (0 C W| )0 (= W) C W| fl (= W^) C W| K (= Mr)). 
Proof. It is obvious by the lemma [1.131 

□ 

For any isotropic rationally defined subspace W of Mr> the dual space of W is also 
an isotropic rationally defined subspace of Mr satisfying dim^ W v = dimjj W. For any cusp 
5" = 3(W) of the Siegel space S) g , 

(1.14.1) 5 V : =5(1F V ). 

is defined to be the dual cusp of 5- 

We observe that the space & g can be identified with a set of Hodge nitrations 

{F* = (0 C F 1 C V C ) I F 1 G Grass( 5 ,T/ c ), ^(F^F 1 ) = 0} 
and any cusp # can also be identified with a set of certain Hodge nitrations. 



cm) = { 



u 6 Sym+ (R)}, 
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Lemma 1.15. Let $ = $(W) be a cusp of the Siegel space Sj g , and C($) the positive cone in 
W^ 2 (q). Let N G (7(5) be an element and let F* = (0 C F 1 C Vc) be a filtration in 

Write W = Wq®R where Wq is an isotropic subspace o/Vq. Let W$ = (0 C Wq C Wq C 
be the corresponding weight filtration on Vq. We have : 

1. There are following direct sum decompositions 

(WV } ± = ^ v 0((^)- 
F 1 = W C ©((W£) J 

Each above decomposition is orthogonal under the form ip. 
Define 

(0 C F 1 C Vc) is in $ y , and there is a bijection 
£ — ► £ v F* i — > F*. 
N(F 1 ) = Wc and N(F l ) = 0. Also, there is an isomorphism 



n w^nF 1 ). 



The dual filtration F* 
2. That N(Vn) = N(W%) 



N\ 



1 1 TP 



W R . 



3. There holds 



exp(v / ^TiV)F 1 G 6 g . 
such that £ fc := 3(V^) 



M(5") for some k, we then have 



Proof. There exists a M G Sp(g, 
w$ k = Mw^M -1 and 

Wf k = MW^M' 1 , W?*(fl) = MWi{Q)M~ 1 and C($ k 

In particular, we have (y( fc )o) v = M(W$) and ((V^ fe) ) v ) ± = M((^) x ). 

Thus, it is sufficient to prove the statements in the case of 3 = $k- Now, we obtain : 

( v q k) ) V = span Q {e g+ jfc + i, • • • , e 2g }, = spac Q {ei, • • • ,e g , e g+1 , • • • , e g+k ] 

and (( v q ) ) V ) ± n ( v q ) ) ± = span Q {ei,- • • ,e k ,e g+1 ,--- ,e g+k }. 

1. Obviously, there is a direct sum decomposition 

(<) ± = < ) ©(((<) v ) ± n(<)^). 

This decomposition is orthogonal with respect to the form -ip. By duality, we also get the 
second equality in the statement (1). Since ^(F 1 ^ 1 ) = 0, we have F 1 C W^ . By the first 
equality, any / G F 1 can be written as / = v\ + V2 where v\ G Wc and v 2 G (W^ )" L H W^. 
Due to WcCF 1 , we have v 2 = f - vi G F 1 and so v 2 G (W^ ) x n^nF 1 . Thus, the third 
equality in the statement (1) is true. 

2. Since 

/ 0k 

0g-k 


\ 

where B is a positive-definite matrix in Sym fc (i 

TV(W^) = W R and A^(W^) = 0. 
The other equalities in the statement (2) are obvious. 



N 






o fe 






B 




\ 



o„ 



-* / 



), We must have 
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n^nf 1 . 



3. Let / be a an arbitrary nontrivial vector in F . By the statement (1), we can write 
/ = w\ + W2 where w\ G Wq and W2 G (Wc 
Then, we have : 

v/=I^(exp(v/=TiV)/,exp( ~ ' 



IV:/:: 



■UN)f) 



lV(exp(V-lJV)/,exp(- 
T^(/,exp(-2V=TiV)7) 

LK/,7) + 2^(«;i, JVtST) + 2^(w 2 ,iVuJl) 

7) + 2^(^i , iVuJi) + 2^(«5r, a^) 

Tip(w2, W2) + 2ip(wi,BWi). 

lip(w2,W2~) = if and only if W2 = 0. Also, 
if and only if w\ = 0. 



We get \J — 1i/j(w2, W2) > 0, and get that 
N G C($) implies ip(wi, Bwj) > and implies that ip(wi,BW[ 
Therefore, 

V^l^MV^lN)f, exp(V^lN)f)) > 0, 
and so \/— 1^(-, 7 ) is Hermitian positive on exp(^/— lA^F 1 . Thus, we can finish the proof of 
the statement (3) by that a point F G & g is in & g if and only if \/—lvp(-,~) is Hermitian 
positive on F. 

□ 



A mixed Hodge structure(MHS) on V{j(resp. Vu ) (cf . |Del71] , |Sch73] ) consists of two ni- 
trations, an increasing filtration on VQ)(resp. V^-the weight filtration W 9 , and a decreasing 
filtration F* on Vc-the Hodge filtration, such that the filtration F* induces a Hodge structure 
on each Gv^Vq := W r /W r -\ (resp. G^Vr := W r /W r -i) of pure weight r, where 

FP n (W r ® C) 



FP(GrJ*V c ) : 



Vp. 



F? 3 n (W r _i C) 

Definition 1.16 (Cf. |CKS86| fc |(^K87j ). A polarized mixed Hodge structure(PMHS) of 

weight / on Vr consists of a MHS (W m ,F*) on Vr, a nilpotent element A" G F~ 1 Qc n 0k and a 
nondegenerate bilinear form Q such that 

• A^ +1 = 0; 

• W. = (W(N)[-l})„ where W(N)[-l]j := Wj-i{N) Vj; 

• Q(FP,F / -p+ 1 ) = Vp; 

• N(F P ) C FP" 1 Vp; 

• the Hodge structure of weight I + r induced by F* on 

F i+r := ker^ 1 : Grg. -> Gr^ r _ 2 ) 
is polarized by Q(-, A rr (-)), i.e.,Q(-, A rr (-)) is (— l) /+r -symmetric on F/ +r and 
Q{Pf+r^ Nr ( P f+rh)) = unless p! = 92 and p 2 = q x 
(V^l) p - q Q{v,N r (v)) > for any nonzero v G f££ c . 
Theorem 1.17. Lei $ be a rational component of Siegel space fj 9 and 

Wi = (0 C W 5 C W? C W|(= Vq)) 
i/ie corresponding weight filtration on Vq. We have : 

1. For any Hodge filtration F* G J v and for any N G C($), i/ie iripZe (F',W,,N) and the 

standard symplectic form ip on Vr, determine a polarized mixed Hodge structure of weight 
one on Vm. 
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2. Any pair {F;,Wf) withF* G 6 g is a mixed Hodge structure of weight one on Vq. 

3. Moreover, 

£ v = {F* G & g | (F*, Wf, N, is a PMHS of weight one for all N G C(S)}. 

Proof. Let G = SpfoR). 

1. By the corollary II. 14^ we have : 

(W(N)[-1}). = {W* ® E). := (0 C Wj M C W^ M C W» R (= Vr)) ViV G C(3). 
Let F* = (0 C F 1 C F° = Vc) be a filtration £ v . By definition, we have : 

F'nF= Im(iV)c = ( w o) v «> C ViV G C(ff). 
Since ^(F 1 , F 1 ) = ip(W,F^) = 0, we have 

F 1 C (Im(N)l) 1 - and F 1 C (Im^c)^ 
Claim 1: For any integer r in [0,2], we have 

FP(GrfVc) F^+HGrf%fc) A Grf V C Vp. 

The claim 1 is not difficult to check. Then, we obtain the decreasing filtration F*(Gr^ 5 Vc) 
on Gt^ Vq arises as a Hodge structure on Gt^ 5 Vq of pure weight r for r = 0, 1, 2(cf. |Gri| &: [Sch73] ) . 
i.e., the pair (F*,W$) is a mixed Hodge structure on Vq. The polarization is automatically 
true by the definition of C(ff)(cf lTTOl . 

2. Let F* = (0 C F 1 C F (= Vc)) be a fixed decreasing filtration in ^ v . The lemma [1 . 1 5 1 shows 
that 

Fj : = exp( v /r lA r )F 1 G 6 fl . 
Write := (0 C F} C F (5 °(= V c )). We begin to show that the pair (F',W$) is a mixed 
Hodge structure on Vq with same Hodge numbers as the MHS (F*, Wjf). 

Since F 5 P F 2 5 ~ p = Vfc Vp, we get 

F!f]F! +k - p CF p f]Fp={0} Vfc>0Vp, 

and so 

(1.17.1) F^ S V c f]Fi +a - p GT^V c = {0} Va > 1 Vp. 

Let M := exp(\/— liV). M G W^ 2 (G) is unipotent, thus M respects the weight filtration 

(TV^ g) C), and acts as identity on Gr^ 5 Vc for all a. Moreover, M induces a complex linear 
isomorphisms 

M : FPGr™ V c A FjGrf V c 
for any integers a and p. Since 

F/Gr^Vc = F^r^Vc = {0} and F°Gr^Vc = F°Gr^V c - Gr^Vc, 

we have 

*?Grf V c F 5 1+a - p Gr^V c - Grf V c for all a and p 

by the above 11.17.11 

The following claim guarantees the statement 2 is true. 
Claim 2. Let r be an arbitrary point in Sj g . If (F*, Wjf) is a mixed Hodge structure on Vq 
then for any r' G S) g , (F*,,W^) is again a MHS on Vq and there is an isomorphism of MHSs 

(f;,w?) A(f;,,w?). 



SHING-TUNG YAU AND YI ZHANG 

Proof of the claim 2. It is known that G acts transitively on <5 g , and 
S g G/K T , where K T = {M e G \ MF* = F*}. 
There always holds(cf.Page 242(5.24) in |Sch73| ) 

G = W${G)K T . 

Thus, Wq(G) acts transitively on & g , and so there is a M G Wq(G) such that r' = M(r) 
and 



F"/ = MF' and F*, = MP = MF* 

T ' T 

Since M respects (W* C) # , we have isomorphisms 

M : i^GrfVc A F^Grf V c , Va 
M : F T «Grf V c A F T « T Grf V c Va. 
Thus, (F*, , W^) is a MHS on Vq and M induces an isomorphism of MHSs 

m-.(f;,w?) A(f;,,iv. 5 ). 

Let F* = (0 C F 1 C F 2 (= Vc)) be a Hodge filtration in 6 g and N an element in C($). 

Claim 3. Suppose that (F* ,W? , N,ip) is a PMHS, then F* is in # v . 

After the claim 3, the corollary 11.141 and the statement 1 in this theorem show that if 
(F% PV. 5 , Ni,ip) is a PMHS for one certain Ni £ C(#) then (F*, Wf, iV, V) is again a PMHS 
for any iVi 6 C($) . Therefore, we obtain the statement 3. 

We prove the claim 3 by the following steps, 
i. From the MHS (F m ,W$), we obtain: 

• (Gr^VQ, F'Gr^ 5 Vc) is a Hodge structure of pure weight zero, and so 

F 1 n Im(iV)c = F 1 n Im(iV) c = {0}. 

• (Grjf Vq,F'Gt]^ x Vc) is a Hodge structure of pure weight one. By definition, 

F x Grf V c ) = F 1 n Ker(iV)c. 

• (Gr^ Vq, F'Gr^Vc) has a rational Hodge structure of pure type (1, l).Thus, 



F'GrTVc = FiGrfVc = GrfVc, 

and so A^F 1 ) = N(W) = Im(iV) c , ker(iV)c + F 1 = Ker(iV) +T T =V C . 
ii. We need to prove F 1 n F 1 = Im(iV)^ = (W<f (8) C) v . 

• To show Im(iV) c CF'nF: Since (Grf Vq, F'GrfVc) is polarized ip{-,N(-)), we 
have 

Im(iV)^ = (iV(Fi)) v C F 1 and Im(iV)^ = (A^F 1 )^ C F 1 . 

Then, 

im(A0c C F 1 n F 1 and F 1 C (Im^c) -1 - 
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• To show F 1 n T 1 C Im(iV)^ : Let v be an arbitrary vector in E := F 1 n F 1 . By the 
second equality in(l) of the lemma [1.151 v can be written uniquely as 

v = v\+ V2, where v\ G Im(iV) c , «2 G Ker(iV)c. 
As Im(A r )^ C E, we have V2 = v — vi £ E and so i>2 G Ker(iV)c n E. 
Since the weight one Hodge structure (Gr^Vjj, F'Gr^Vc) is polarized by we 
must have 

V^lipiF 1 n Ker(7V)c, J F 1 nKer(7V) c ) > 0. 
On the other hand, y/—lijj(v2,V2) = since ip(E, E) = ij){E, E) = 0. Thus, V2 = and 
so we obtain v E F C\ F 1 . 
hi. As Im(iV)^ n Ker(iV) c = {0}, we get V c = Im(A r )^ Ker(7V)c and so we obtain 

F 1 = Im(iV)c 0F'n Ker(iV) c . 

Since ^(F 1 ,^ 1 = 0) = vp(W,F~i = 0) = and 

V^^F 1 n Ker(7V) c ,F 1 nKer(AT) c ) > 0, 
we must have \/— lip{F l , F 1 ) > 0, which is equivalent to that F* G & g . 

□ 

2. Toroidal compactifications and their infinity boundary divisors 



Let T C Sp(<7, Z) be an arithmetic subgroup. 

Let # be an arbitrary k-th cusp. Recall the corollary 11.121 we define 

V s := Lie(U*{R)) = W 5 2 {q), v* := Ue{V^(R)) = W d 2 (g). 
The Lie algebra is in fact identified with the space g _1 . We note that 

dim R (C(S)) = dim KU 5 = dim R (Sym fc (R)) = k ^ k + 1 \ 

Denote by 3fc the cusp $(V^), which is a cusp of depth g — k isomorphic to fy^. 

2.1. Equivalent toroidal embeddings. Let N be a lattice, i.e., a free Z-module of finite rank 
and M = N y := Hom z (./V, Z) its dual. We fix isomorphisms M = Z d , N ^ Z d . 

The lattice N can be regarded as the group of 1-parameter subgroups of the algebraic torus 
T/v := SpecC[M]. Actually, any a = (a\,--- , oy) G N = Z d corresponds to a unique one- 
parameter subgroup A a : G m — > T/v given by 

X a (t) = (tj 1 , • • • , t a /) G T N (L), t G G m (L), 

where L is an arbitrary C-algebra. We also note that Tv — Hom^(M, G m ). On the other 
hand, the dual lattice M can be regarded as X(Tn) (the group of characters of Ijv). Any 
m = (mi, • • • , mrf) G M corresponds to a unique x™ G X(T/v) given by 

X m (*i, • • • , t d ) = C • • • C e = •••,*«*)€ Tv(L) 5* (L*) d 

where L is an arbitrary C-algebra. Obviously, the lattices M, iV are related by a non-degenerated 
canonical pairing 

M x N — >■ Z, (m, a) i — >< m, a >, 
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where < m, a > is determined by x m (^a{t)) = t <m ' a> t G C*. 

A convex rational polyhedral cone in Ar is a subset a C Afo such that 

t 

a = KyiW G K>o, i = !,■■■ ,t} 

i=l 

for a finite number of vectors yi G Nq, i = 1, • • • , i; its dual of <r is defined to be 

(j v = {m G Mr | <m,w>>flV«e ct}, 

which in fact is a convex rational polyhedral cone in Mr; the dimension dimcr is defined to be 
the dimension of the smallest subspace of Ar containing a; a face of a is a convex rational 
polyhedral cone a in Ar such that <r = aC\{v £ N^\\(x) = 0} for some A G er v n Mq, denoted 
by a < o. A 1-dimensional convex rational polyhedral cone is called an edge. Any convex 
rational polyhedral cone a endows an affine toric variety X a = SpecC[<r v n M] where 

C[a v r\M}:={ a m x™ x ■ ■ ■ x™ d | Va m G C}. 

(mi,- ,m d )ecr v nM 

A face r of a induces an open immersion X T ^ X a of affine varieties, so that X T can be 
identified with an open subvariety of X a . 

A convex rational polyhedral cone a of A% is called strong if and only if a n (— a) = {0}. 
A strong rational convex polyhedral cone a in is said regular(with respect to N) provided 
that a is generated by part of a Z-basis of N. A fan of iV is defined to be a nonempty collection 
£ = {^a} of convex rational polyhedral cones in Nr such that 

• all cones in £ are strong; 

• if a is a face of a cone a G S, then <r G S; 

• for any two <7, r G S, the intersection a D r is a face of both <7 and r. 

The set of all edges in a fan £ is denoted by A fan £ is said regular(with respect to N) 

if all a G £ are regular. A fan £ = {a a } of iV determines a separate scheme := (J X a by 

o-es 

patching together the X a Js along the X CTariCTl3 , s. 

Let £ be an arbitrary fan of N. In general, the associated scheme X-£ is normal and locally 
of finite type over C. Furthermore, X-£ is smooth if and only if £ is regular, and X-£ is of 
finite type over C if and only if £ is a finite collection of convex rational polyhedral cones. Let 
a a be any cone in £. Since spans Mr, there is an open immersion of the algebraic torus 
T N := SpecC[M] in X a = SpecA^ n M](We call T N C X a a toric embedding). The action 
T/v x T/v —s- T/v given by the translation in T\r can be extended to an action T/v x X aa — > X Ua . 
The open immersion X T ^ X aa induced by a face r -< a a is certainly equivariant with respect 
to the actions of T\r. Therefore, there is a natural open immersion T\r — > X^, with the unique 
action T/v on A^ extending T/v's action on each X a& . 

Definition 2.1 (Cf. [AMRT ). A stratification on a topological space A is a collection S = 
{S'o} of locally closed subsets, called the strata, such that every closed point of X is exactly in 
one stratum S a and such that the closure of a stratum is a union of strata. 

Proposition 2.2 (Cf. |AMRT| . [KKMSj fc [FuT] ) . Lei £ = {a a } be a fan of a lattice N. We have 

1. There is a bisection between the set of cones in £ and the set of orbits in As, and there 

cl cl 

holds dim a a + CTq = dime T/v. Moreover, o~ a C ap if and only if O ? C O CJa , where Ua 
denotes the closure in both the classical and Zariski topologies of Xs. In particular, each 
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edge p £ £ gives a codimension one closed subscheme D p := O p in X%, which actually is a 
T/v -invariant prime divisor of X%. 
2. The collection {0°""} is a stratification of X-£ in the classical analytic topology. Furthermore, 

x T = ]J o\ o^ cl = ]J o s 

for any cone t6E. 

Corollary 2.3. Let £ be a fan of a lattice N and X^ the associated scheme with torus embedding 
T N := SpecC[7V v ]. We have : 

1. For any cone a £ £, 0°" c is a closed subscheme of X-£ with only normal singularities; 

— cl 

moreover, O a is smooth ifT, is a regular fan. 

2. Assume that every low- dimensional cone r E £(diniT < r&nkN) is a face of some top- 
dimensional cone <7 max G T,(i.e., dim<7 max = r&nkN). If £ is a regular fan then the infinity 
boundary := X-£ \ T/v is simple normal crossing, i.e., all irreducible components of 

are smooth and they intersect each other transversely. 

Proof. It is a easy exercise to readers. □ 

2.2. Admissible families of polyhedral decompositions. In [AMRT], Mumford and his 
coworkers have constructed explicitly a class of toroidal compactifications of D/T for each 
bounded symmetric domain D with an arithmetic subgroup T C Aut(D). Actually, the com- 
pactification is determined by a certain combinatorial T-admissible rational polyhedral cone 
decompositions. 

We define a partial order on the set of cusps of S) g : For any two cusps $(Wi) and 3(W 2 ), 
we say $(Wi) -< ^{W 2 ) if and only if W<z C W\. According to this partial order, 5({0}) = Sj g 
is the unique maximal element, and a cusp of depth g is called a minimal cusp(or minimal 
rational boundary component) of f) g . We call Jo the standard minimal cusp of 9) g . 

Definition 2.4 (Cf.fNam]). Suppose that C is an open cone in a real vector space Ej&, where 
-Ejr has an underlying integral structure E%, i.e.,E^ = E% ®% R. A (rational) boundary 
component of C is a cone C =(CHE )° (denote by C < C) given by a linear (rationally 
defined) subspace E of Ej& with E n C = 0. The rational closure C of C is the union of all 
rational boundary components of C. 

We note that any proper rational boundary component of C(3b) is of form C($) where is 
a cusp with # < (cf. Theorem 3 in §4.4 of Chap.III |AMBT] ) . 

Lemma 2.5. Let $(Wi) and $(W 2 ) be two cusps of f) g . The cusp $(Wi n W%) has following 
properties : 

1. There is u^^ Wir]W2 "> C vfi( Wl ^ flii^ 2 '. Moreover, if there is a maximal isotropic subspace W 
of VJr containing W\ U W 2 then 

u $(Winw 2 ) = u $(Wi) n U HW2)_ 

2. If W\ n W 2 is a proper subspace of W\ then 

u m^w 2 ) n c($(Wi)) = and C7(ff(Wi n W 2 )) n C($(Wi)) = 

3. The equalities 

C{d(w 1 n w 2 )) = C(3(Wi)) n u ^ Winw ^ = C(3(w 2 )) n u ^ WinW ^ 

are held. If there is a maximal isotropic subspace W of Vr containing W\ U W 2 then 

C{${Wi)) n C($(w 2 )) = Cfflwi n w 2 )). 
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Remark. The lemma implies that C($(W\ n W2)) is a rational boundary component of both 

i re 

C(fi(Wi)) and C($(W2))- The equalities in (3) are also true even if we replace C(30 with C($) . 
Proof of Lemma \2.b\ Let U = W\ D W%. Then, we have 

U y C W x v n W 2 V and + C C/^. 

We note that 

(2.5.1) u^ w) = Wlf ] = {H£q \ H{W y ) C W and H{W L ) = 0} 

for any cusp $(W). 

1. Since W x v W^ 1 = W 2 V © = *7 V U 1 - = Vk, the equality E3j] says there holds 

Moreover, suppose there is a maximal isotropic subspace W of Vr containing both Wi and 
W2 ■ Wi + W 2 is an isotropic subspace in W, and 

dim(Wi + W 2 ) ± = 2g- dim(V^i + W 2 ). 

Also, we have 

u x = wf + w£-. 

Let N e u^ 1 ) n u^ 2 ), we then have 

iV([/ v ) C N(W? n w 2 v ) c N(w?) n JV(W^) cWinw 2 = u 
and AfC*/- 1 ) = JV^i 1 + W^) = 0. Thus 

2. Recall 

C(d(W)) := {N e u*W I ^(.,JV(.)) > on ^}. 
Let A?" 6 iftV) be an arbitrary element. Consider the filtration 

we obtain that N(-)) is semi-positive but not positive on Vk/W^ 1 since A^C"- 1 -) = 0. Thus, 

v?W n C(ff(Wi)) = 0. 

3. It is sufficient to prove that 

C($(U)) = efflyfi)) n u *w = c(#(w 2 )) n 

for any rational defined subspace f7 of Wi with U C Wi , J7 C W 2 • 

Let J7 be an arbitrary rational defined subspace U of W\ such that U C Wi , £7 C VK 2 . 
Clearly, we have 

C(5(W)) = {N € u s{w) I ip(;N(-)) is semi-positive on -^}. 

Let A^ S C($(U)) be an arbitrary element. Using the argument in the proof of the 
statement (2), we get that the bilinear form ijj(-,N(-)) is semi-positive on Vi/Wf 1 , and so 
N £ C( ff(Wi)) C\ u ^ u \ On the other hand, C^Wi)) n u 5(C7) C C(£(i7)) is clear. Similarly, 
we have C(ff(V)) = C(S(W 2 )) n tfiM . 



□ 
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Let 5 be an arbitrary cusp of $) g . 

Since U^(C) is a connected complex Lie group and N 2 = for any N G uf* by the lemma 
11.131 the exponential map 

exp : uf, A U*(C) ( ^ I 2g + ( 

is an isomorphism. We can identify U^(C) with its Lie algebra uf. by this isomorphism and 
regard U^(C) as a complex space. Moreover, for any ring 9\ in {Z,Q,R,C}, U^{d\)(the set of 
all 9t-points of the algebraic group U^) can be regarded as an 9^-module by 

(2.5.2) u*{&) * M k(k+1)/2 (p\) n 4, 

Therefore U^(C) has a natural integer structure U S (Z) and for any ring £H in {Z, Q, R, C}, there 
is an isomorphism [/^(Z^gJK = U^(9\). The corollary 1 1 . 1 2 1 ensures that any element 7 G A^(Z) 



7U7 



defines an automorphism 7 £ Aut(f7^(Z)) by 7 : f/^(Z) — )• U^(Z, 
obtain a group morphism j'^ : A^ — > Aut([/^) such that there is 

j d : JV 9 (9t) -> Aut(tf*(<K)) 7^7:= ((•) -> 7(-)7" 1 ) 

for any Z-algebra IK. We see that if 7 € then 7 is the identity in Aut([/^). 

In general, there is a semi-product of rational algebraic groups (cf. |Del73 j &: [AMRT] ) : 

= (Gf x Gf) -W 5 , 

direct product 

which is called the Levi-decomposition of A . Moreover, we have : 



. Thus, we 



The surjective homomorphisms p/j gr : 



Gf and p I(9 : -> Gf are defined over 



• the group Gf (R) • W^(R) acts trivially on $ and the group Gf is semi-simple, 

• the group Gf • centralizes ift and the group Gf is reductive without compact factors. 

Example 2.6 (Cf . [Chai] k, [Nam] ) . Consider the cusp we compute that 



* / * 

A21 Ofe,g-fe A 22 



Gf 



■5 a- 



r l ) 



eSp (5 ,R) I ^)eSp(fc,R) 
/ G GL( ff - fc, 



{ 



/ G GL(g- jt,R), det/ > 0} 



Thus, the action G 



( h \ 
0/0 

004 

V / 

GL( 5 - fc,R)+, 
/ A n fcj9 _ fc Aia \ 

Ig-k 

A21 fci9 _ fc A 22 

\ %-k,k ®g-k,g-k 0g-k,k Ig-k ) 

Sp(fc,R) 

, w x G(5fc) — > G(5fc) (M, A) 1 — > MAM' 1 is equivalent to the action 
GL( 5 - k,R) X Sym+_ fc (M) — ► Sym+_ fc (R) (/, «) •— ► / • u •* /. 



{ 



1:; 
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Lemma 2.7. Let$ = S^Wr) be a cusp ofS) g where = Wz<8>M is a rationally define subspace 
of Pr. Let W represent a linear space over Z given by W(SH) := Wz ®z 9t /or any TL-algebra 
Both Gf and Gf are algebraic group defined over Q, and there are two isomorphisms 

Gf ^GL(W) and Gf Sp(W ± /W, ij>). 

Lemma 2.8. The group homomorphism j$ : A^(R) — > Aut(£/^(R)) induces a group homomor- 
phism j c{ ^ : N^(R) -)• Aut(C(5 r )). Moreover, /actors through : N$(R) — > Gf(R), i.e, 
there is a commutative diagram 

Gf(R) 

AT5(R) Jc(s) ) Aut(C(ff)) 

Proof. It is sufficient to prove the statements in case of ^ = ^fc- Let fij be a fixed point in C(^). 
Since Gf ■ centralizes We obtain that 

the orbit of fij for the adjoint action of N^(R) on 
= the orbit of fi s for the adjoint action of Gf(R) on [7 s (M) 
= C@). 

The last equality is given by the computation in the example 12,61 Therefore, we get the group 
homomorphism jc{$) '■ N$(R) — > Aut(C(#)) and jccg) factors through the morphism pi^. □ 

Define 

bmce N($) C N$(R) and N{$) + = A^QR)+, the group is a discrete subgroup of the real Lie 
group J\f($)(ci. |Milj ) . and there is an inclusion 

T> = jcm(r n Gf (R)) ^ Aut(t/*(z)) n Aut(C($)). 

Definition 2.9 (Cf. [AMRTjfc fFD] ). Let 5 be a cusp of Sj g and G an arithmetic subgroup of 
Sp(<7, Q) with an action on C{^). A G-admissible polyhedral decomposition of C{^) is a 
collection of convex rational polyhedral cones £$ = {o~%} a C C($) such that 

• £y is a fan; 

• if a G £3 then 7(0") G £5 for V7 G G; 

• the number of cones module G is finite; 

a 

A G-admissible polyhedral decompositions £5 of C(J) is regular with respect to an arithmetic 
subgroup T C Sp(<7, Z) if £5 is a regular fan with respect to the lattice T n L/"(Z). 

Remark. Each convex rational polyhedral cone in C($) is automatically strong since C(30 
is non-degenerate. Moreover, the construction in [AMRT] implies that every cone in a F$- 
admissible polyhedral decomposition £g = {cr a } of C(5 r ) is actual a face of one top-dimensional 
cone in £^(i.e., a cone cr^ ax G £5 with dimo"f iax = dim^C^)). 

Definition 2.10 (Cf. |AMRTj ). Let T C Sp(g,Z) be an arithmetic subgroup. 

1. A T-admissible family of polyhedral decompositions is a collection {£j}j of T$- 

admissible polyhedral decompositions £5 = of C(5), $ running over the cusps of Sj g 

such that 

• if 5 2 = 75 1 for some 7 G T then £52 = 7(£^i). 
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• if 5" 1 ^ 3 2 then Sj 2 = {af n C(&j \ of £ 
2. A T-admissible family of polyhedral decompositions {Egr}^ is called regular if for any cusp 
$ the Tj-admissible polyhedral decompositions of C($) is regular with respect to T. 

Lemma 2.11. Let T C Sp(g,Z) be an arithmetic subgroup. Let := {o~^ } be a T$ (or 
GL(g,Z))- admissible polyhedral decomposition o/C(5o)) where 3b is the standard minimal cusp 
of S) g . The endows a T- admissible family of polyhedral decompositions as follows : 

Step 1: For any minimal cusp 3min = M(3o) with M G Sp(g,Z), we define 

S 5min := M(E 5o ) = {Mal°M- 1 \ of E £ ffo }. 
Step 2: For any cusp if $m'm is ^ vnvxivniol cusp with $min then wc define 

z$ ■■= ^ m Jcm = i^ min n l 4 min e % mi j. 

Moreover, we have : 

1. £g is regular with respect to V i/£$ is regular with respect to Sp(g,Z). 

2. If^$ is regular with respect to T then the family {S^jgr is regular. 

Proof. The proof is straightforward. □ 

2.3. General toroidal compactifications of A g ,r- Let 3 = J(Wr) be a cusp of fj 5 with 
dimiR W = k. Denote by 

D($) := U*(C) -& g = (J a6 s C 6 9 . 

aeU5(C) 

Since Wjf (G) acts transitively on (5 S , we have F>(39 = exp(y / — l%$)& g = |J exp(-v/— lC)(5 g . 
The following result is another version of the lemma 11.151 : 

Proposition 2.12 (Cf. [Sit] . [ATvlRT] . |KW65| . [FaT ] ) . Notations as in Corollary <\LM Let 3 be a 
cusp of&g. We have 

(2.12.1) D{$) = {F E6 S y/=li/)(v,v) > forO^veFn W^} 

and a diffeomorphism 

<p : X u| x -=> F>(£) (a + v^o, c, F) i — ► exp(a + V^lb) exp(c)(F) 

suc/i toot y _1 (6 s ) = (n 5 + y/=lG{$)) x wj x J. 

Corollary 2.13. Notations as in Corollary \1.1SX Let 5 = S^Wr) be a cusp of & g with 
dimjR Wr = k. The space V^(M) has a natural complex structure such that it is isomorphic 
to M g _k^(C). Moreover, there is an isomorphism $ : U S (C) x M g ^ k (C) x J — > D($). 

We sketch the construction of a general toroidal compactification A g °^ of A g .r by following 
[AMRT] in the complex analytic topology. Let £^ or = {Sj}^ be a general T-admissible family 
of polyhedral decompositions. Let $ be an arbitrary cusp of Sj g . Define 

I 5 :=rn U*(Q), M d = := Hom z (F 5 , Z). 
We have Fy = T n C/*(Z) as T C Sp(g,Z). Using [275721 Fj is a full lattice in the vector space 
f7^(C) = m^. The algebraic torus Fj := SpecC[Mj] is isomorphic analytically to p^g^) which 
is (C x ) dim " lS . Then, there is an analytic isomorphism rr ^jf(Q) — T$ x v^, x $ by the embedding 
of Siegel domain of third type D($) = x fj| x J, so that there is a principal Fg-bundle 
rnu$(Q) ~* "77^' ^ e no ^ e if 3min is a minimal cusp of S) g then D($)/uq is a space of one 
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single point. For any cone a G £3, we replace with X a by the open embedding — > X, 
and obtain a fiber bundle : X a Xf 5 rnu^(Q) — ^ "T^' Define 



(2.13.1) ^5,o-= the interior of the closure of rn ^s(n) m Xt s 



rnc/5(Q) ' 
5 rnc/3( 



As gluing all X CT to construct the scheme Xs 5 , we glue P# jtT : X CT x t s rrufg(Q) ~~ ^ altogether 

to obtain a fiber bundle P$ : Xg g x Ts rr ^jf^ — >• -^p with fiber X^, and we also glue Ay jCT 

altogether to obtain an analytic space Z^. We call Z'^ the partial compactification in the 
direction 5 of the Siegel variety A g ^r- Obviously, we have 

4 = the interior of the closure of rn g| (Q) in X Sg x Tj - - ^— . 

For any cusp J and any element 7 G T, there is an analytic isomorphism 11^ ^ : Z^ — > Z ^; and 
for any two cusps S'i -< ^2 ; there is an analytic etale morphism ILj ~ : Z^ — )■ (cf. Lemma 
1 in §5 ChapJII |AMRTj ). 

Here is an important example that we use frequently : 

Example 2.14. Let # = $(W) be a cusp of dimig W = k > 0. Assume T is neat. We can 
describe Zy j(J in a local coordinate system: Let a be a regular cone in C(#) of top-dimension 

fc(ife + l)/2. As in (AMRTj and |Mum77j . we take a Z-basis {C4? fc+1)/2 of Tn t/ 5 (Q) such that 
M+Cii ' ' ' >^+Cfc(fc+i)/2 are the all edges of a. Let {5 a } be the dual basis of {Ca} in Mgr. Then, 
we have an open embedding 

<% : S) g ^ £/ 5 (C) x M g _ fc , fe (C) x A C fc ( fc+1 )/ 2 x M ff _ fc , fe (C) x &{W L /W^ w ), 

so that 

(2.14.1) (u a , Si , tj) G C fc ( fc+1 )/ 2 x M g ^ k (C) x ©(W-L/W, Vw) 

endows a coordinates system of fj s (Note we write u G C/^(C) as u = X^a^aCa)- Consider the 
exponential 

fi g — cWxAf^cjxe^w 

(2.14.2) 

( C *)*(*+i)/2 x M fei9 _ fe (c) x scw-l/w,^) 

fc(*+l)/2 _ C ~ 

There holds jj Si,tj) G A 5jCT | = 0} — > A 5jCT \ rn{/ | (Q) • 

An analytic variety X together with an open embedding C/x C A is a toroidal embedding 
if any point x £ X has a small neighborhood H 7 ^ such that (W X ,W X n t/jy) is analytically 
isomorphic to (Vj V(~)T) for some neighborhood V(:r) C X a of some point t G A CT for some torus 
embedding T C A CT given by some strongly convex cone cr(cf.[AMRTj& [KKMS]). 

Lemma 2.15. Let S^ or = {Sj}^ be a T '-admissible family of polyhedral decompositions. 
We have : 

1. Let J be an arbitrary cusp of S) g . The collection {S($, o")}o-gs 5 is a stratification of Z'^. In 
particular, 

W^~f = II VaG £5, 



(^ a :=exp((27r v /3 T)<5 a (-u)), S;,tj) 
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rcl 



where S($,o~) is the closure ofS($,a) in Z^. 

Moreover, the open embedding !%(:= f^jwjm ) ^ ^ s a toroidal embedding without 
self-intersections, i.e., every irreducible component of Z'^\V^ is normal. 
2. For any two cusps d 1 ,^ 2 with J 1 -< J 2 , H^ 2 : (£^z,U£a) — > (Z^,\]^i) is a toroidal 
morphism(cf.[AMKT] for the definition). 

Proof. 1. The proposition 12.21 confirms the first statement in (1) immediately. 

For any two cusps S 1 and £ 2 with -< J 2 , by Lemma 1 in §5 Chap.III [AMRT], the 
morphism U'^ 2 ^ : Z'^ z — > Z^ x is almost equivariant, in sense that if a t G 2ga and a p G Z^ 2 

have t-p £ Z^ 2 then t • n^2 = n# 2 ^i(t-p). Thus, the morphism n^ 2 *i maps any stratum 

5^2 of Z^ z to a unique stratum of Z^. Precisely, we have H^ 2 ^i(5(5' 2 , erg)) C Sffi, 073) since 

= {erg G Sji I og C C(5 r2 )}- Furthermore, there holds 

n ^^'^))-\ others . 

for % = {erg 1 }. 

Let J be an arbitrary cusp. There is a minimal cusp 3min such that dmm ~< 5- It is 
obvious that the open embedding U* . Z~ is a toroidal embedding. Since iLl ~ is 

^ f to "mill 5 min t> ^tfmin 

a etale morphism and . (Uj min ) = Uj, we then obtain that the embedding C Z^ is 

toroidal. That the embedding Ujj C Z^ has non self-intersections is a direct consequence of 
the corollary 12.31 
2. It is clear by the above argument. 

□ 

o 

The disjoint union A 9t r '■= U -^5 nas a natural T-action. An equivalent relation R is defined 

' 5 

on ^4 9i r : We say x ~^ y for x G ,y G if and only if there exists a cusp #3, a point 

2 G Zg 3 and a 7 G T such that 3i ^ #3, 7#2 ^ #3 and 

(2.15.1) (IL^ : Z j3 — > maps z to x, (n^ ^ : — * Z^J maps z to y. 

Shown in §5 — §6 Chap. III. [AMRT], the transitivity condition of the relation R holds and the 
relation graph in A g r x A g ,r is closed. We then obtain a compact HausdorfF analytic variety 

•^C°r := 4tT' w hich is called a toroidal compactification of A 9j r- A g °r is an algebraic space, 
but not projective in general. However, a theorem of Tai(cf.Chap.IV [AMRT]) shows that if 
S^ or is projective(cf.Definition 2.1 in Chap. IV. of [AMRT]) then A g Y is a projective variety. 

The main theorem I in [AMRT] shows that A g °^ is the unique HausdorfF analytic variety 
containing A g< r as an open dense subset such that 

• for every cusp J of Sj g , there is an open morphisms tt'^ making the following diagram com- 
mutative 

^ > z' 



(2.15.2) 

. <^-» — jtor 

A g ,Y > Ag iV ; 

Juspss 



Ag tT - UCuspSjf n $( Z $ 
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2.4. Infinity boundary divisors on toroidal compactifications. For a polyhedral decom- 
position Ej := {<7* } of C(5o)) we can take part all edges in E# into two disjoint sets: 

• Interior-edge={p G E 5o (l) | lnt(p) C C(3o)}, 

• Boundary-edge={p G E^ (l) | Int(p) n C($ ) = 0}, 

where Int(cx) is defined to be the set of relative interior points of a G S^ . These two sets are 
both rj (= T n AA(5 r o))-invariant for any arithmetic subgroup T of Sp(<?, Z). 

Lemma 2.16. Let F be a neat arithmetic subgroup of Sp(g, Q) and Eg- = {o~^°} a a T$ - 
admissible polyhedral decomposition of C(^). Let p be an edge in the set Boundary-edge. 

Assume that Eg- is regular with respect to V. There is a unique rationally defined one dimen- 
sional isotopic subspace W p ofV(= V^) such that Int(p) = C($(W P )). Moreover, for any cone 
a G Ej there exists a unique cusp $ a such that Jo ^ So- and Int(<r) C C(So-). 

Proof. By Theorem 3 in §4.4 of Chap. Ill [AMRTJ, any proper rational boundary component of 
C(ffo)(cf. Definition 12. 4p is of form C(3i) by a cusp 5i with Jo ~< 3i- Thus, there is a cusp J 
different with 5o such that Jo -< 3 and p G C($') . 

Suppose J = $(W ) has diniQ W > 2. By the lemma [2. Ill endows a T-admissible family 
of polyhedral decompositions {Ej}^ and the decomposition Ey is regular to with respect to T. 

Since C($q) TC = U°a°> there exists a top-dimensional cone <r max G Ej and a face r of <r max 

a 

such that p is an edge of r and r G E^ with dimr = dim (7(5" )• Since the cone <7 max is regular, 
there is a face 6 of a satisfying p £ 5 and (5 ^ E~'. Thus, we have another cusp J = S(VF ) 
that W" is not a subspace of W' and 5 G E^« . Then, p G ■u^ ( - l/l/ nH/ ) by the lemma 12.51 and so 
Int(p) is in a proper rational boundary component of C(# )• 

By recurrence, we obtain that lnt(p) is a proper rational boundary component of C(5o) and 
there is a rationally defined one dimensional isotopic subspace W p of V such that Int(p) = 
C($(W P )). The uniqueness is due to(3) of the lemma [231 

The rest can be obtained by similar method. □ 

Definition 2.17. Let F C Sp(g,Z) be an arithmetic subgroup. A symmetric T-admissible 
family of polyhedral decompositions is the T-admissible family of polyhedral decomposi- 
tions induced by a r^ (or GL(g, Z))-admissible polyhedral decomposition of C(5b) as in the 
lemma 12.111 A symmetric toroidal compactification A 9} r of a Siegel variety A 9y r is a 
toroidal compactification constructed by a symmetric T-admissible family of polyhedral decom- 
positions. 

Definition 2.18. Let T C Sp(g, Z) be an arithmetic subgroup and 5 a cusp of We say that 
a Ty-admissible polyhedral decomposition Ej of C($) has non T-self-intersections if a 7 G 

satisfies 7(0") (la ^ {0} for a cone <r G Eg- then 7 acts as the identity on the cone a. 

Remark. Note that any T^-admissible polyhedral decomposition Eg of C(S) can be subdivided 
into another regular T^-admissible polyhedral decomposition E^(cf.[AMRT ,[FC]), and it is ob- 
vious that the regular refinement Eg also has non T-self-intersections provided that Eg has non 
T-self-intersections. 

The following lemma [2.19l savs that our definition of a Ty-admissible polyhedral decomposition 
without T-self-intersection is compatible with the condition (ii) in §2.4 Chap IV [FCJ. 

Lemma 2.19. Let T be an arithmetic subgroup ofSp(g,Q). Let Eg be a T^-admissible polyhedral 
decomposition ofC($), where $ is a cusp of Sj g . 

Assume that Eg is regular with respect to V. The following two conditions are equivalent: 
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i. Eg has non T -self-intersections; 

ii. if a 7 G Tg satisfies 7(0") n<7 ^ {0} /or a cone a G Sg i/ien 7 acis as the identity on C($). 

Proof. By definition, Eg has non T-self-intersections if and only if that a 7 G Tj satisfying 
7(0") fid / {0} for some cone a G Eg will act as the identity on any cone in the set {r G 
Eg | r n 7(0") fid / {0}}. Indeed, a regular top-dimensional cone o - ^^ has the form 

t 

4ax = A ^I A * G M >0' *=!>••• > *} 

i=l 

such that {yi, • • • , yt} is a Z-basis of T n C/^(Z). If 7 acts as the identity on o"^ ax then 7 has to 
act as the identity on C($). □ 

Lemma 2.20. Let T C Sp(g, Z) 6e an arithmetic subgroup. Let Eg 5e a rg (or GL(<7, Z)J- 
admissible polyhedral decomposition of C($o). Let {Sg}g 6e the symmetric T-admissible family 
of polyhedral decompositions induced by Eg f cf.Lemma \2.11\) . 
Assume Eg has non Y -self -inter sections. We have : 

1. For any cusp $ °f fig, the induced T^-admissible polyhedral decomposition Eg of C{$) has 
non V- self -inter sections. 

2. For any subgroup T' of T with finite index, Eg has non T -self-intersections as a T^- 
admissible polyhedral decomposition. 

Proof. The first statement is straightforward by the lemma 12.111 and the second is obvious. □ 

Let D/T be an arbitrary toroidal compactification of a locally symmetric variety D/T. In 
general, the toroidal embedding D/T C D/T is not without self- intersection. The main theorems 
II in [AMRT] says that D /T C D /T is without monodromy : For each stratum O, the branches 
of D/T — D/T through O are not permuted by going around loops in O. 

For more efficient applications of toroidal compactifications in geometry, we continue to study 
the smooth compactifications of Siegel varieties, and exploit the infinity boundary divisors of 
smooth compactifications explicitly. 

Theorem 2.21. Let T C Sp(<?, Z) be an arithmetic subgroup and let Eg := {o~^ } be a T$ (or 
Gh(g, T*)) -admissible polyhedral decomposition o/C(5o) where Jo is the standard minimal cusp 
of f) g . Let A g T be the symmetric toroidal compactification of A g ,r constructed by Eg , Doo := 
A g< r \ A g ,r the boundary divisor. 

Assume that the decomposition Eg is regular with respect to T. We have : 

1. The number of irreducible components of D^ is equal to 

[Sp(<?,Z) : T] + [Sp(<7, Z) : T] x #{T$ - orbits in Interior- edge}. 

2. The compactification A 9t r is a smooth compact analytic variety with simple normal crossing 
boundary divisor D^, if the group T is neat and the decomposition Eg has non T -self- 
intersections. 

Proof. We define an equivalent relation on the set of cusps : $ ~ r $ if and only if there exists 
an element 7 G T such that 5 = id- The equivalent class is denoted by [•]. 

Let {Eg}g be the symmetric T-admissible family of polyhedral decompositions induced by 
the given decomposition Eg . For any cusp S r , we also define an equivalent relation on Eg : 
a a °JI ^ an d only if there exists an element 7 G Tg such that = 7(0"^). Denoted this 
equivalent class by [-]g. 
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For each cusp a basic fact is that the group Tg/Tn U^(M) acts properly discontinuously on 
Zj(cf.Proposition 1 in §6.3 Chap JII[AMRT]), thus the morphism tt^ factors through a morphism 
713 : Z$ — > Ag t r so that there is a commutative diagram : 

P r 3 



(2.21.1) 



A 



where is the quotient of by T^/T n [/"(Q) and pr^ is a quotient morphism. 

Let 3) 5 2 be two arbitrary cusps with S" 2 -< # . Since there is E^i = {o"^ G Eg-2 | erg C C(3 1 )}, 
we always have 

Tgi — orbit of cr^ 1 in Egi = (r^2 — orbit of in E32) E^i V<7^ G Eyi. 

Then, we get an induced morphism ILji ^2 : Z^i — )• Z52. Moreover, ITyi ^2 is a local isomorphism 
satisfying the following commutative diagram 

n' , 



pr,i 



pr 5 2 



Recall the construction of a general toroidal compactification of $) g /T, the condition 12. 15. II of 
the relation R ensures that the following diagram is commutative : 



7 n ?2.5i „ 



(2.21.2) 



\?2\ 



1 



A, 



for any two cusps ^1,^2 with -< ^2- 

Let 3mi n be an arbitrary minimal cusp. Denote by 

it is well-defined since tt'^(Z^) = tt'^Z'^) for 7 G T, V^. As ^ m . n is an open morphism, the set 
is open in A 9t r- There are useful properties F1-F4 : 

Fl: Let J be an arbitrary cusp and 7 an arbitrary element in T. It is obvious that there is an 
induced isomorphism : Z$ — > Z^ such that the following diagram is commutative 

t 

P r 5 P r 7S 



z' 



z$ > z lS 



Thus, it is easy to get 

pr 9 (S(& a*)) = pr 5 (5(3, «(**))) V<r* G S 5 , V* G r ffo . 
For any cone G Eg, we define 

W, :=pr y (5(ff,<7*)). 
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The collection {y($, [0%]$)}^ gS is then a stratification of Z$. 



F2: Let J , J 2 be two arbitrary cusps with J 2 -< J 1 . Since S^i = {og 6 | C73 C C^J 1 )}, 
we obtain 

(2.21.3) n-^ 2 Q;(j 2 , [of ] 52 )) = { y® 1 ' [rhl) ^ rs G [a « ] * 2 such that T G ^ 

by the lemma [2. 151 

F3: For any cusp J(W) and for any element 7 in T, $(W f] j(W)) is the unique minimal 
one in the set of cusps {J | $(W) -< J, d(l(W)) -< J}, and so we can glue Zgryy\ an d 

Z S(i(W)) along Z Z(wn-y(w))- 

On the other hand, if we restrict the action of the relation R on then this 

^ umin 

relation R is reduced to the action of the I\ . on . We indeed obtain an analytic 
isomorphism 

(2.21.4) TV's . :Z%. . 

V / Xi mm Xi mm [u mmj 

Therefore, the morphisms 

'■ Z S — y A?,r v # 

are all local isomorphisms by the commutative diagram 12. 21.21 
F4: Let J be an arbitrary cusp. We define 

0(J, [0%) := ^(J, [<r*] ? )) = 4(5(5,^)) Va* G E 9 . 



Since 7ry is a local isomorphism, {0(J, [oalsOlo^eEg is also a stratification of Tr${Z$). In 
particular, {0(J mm , [cr% min ]$ min )} 3 min v is a stratification of % min . Furthermore, we 



- 1 mm 



have isomorphisms 

(2-21-5) vr 5min : y(J min , k* min ] 5min ) A Wmin, [^ mh % mi J V4 min e E w 

For any two cusps J min and in , we observe that i% minl / ilw , if and only if [J min ] 7^ [J^J . 

minJ 

Thus, the toroidal compactification ^4 9) r is covered by [Sp(g, Z) : T] different open sets : 

_ [S P (s,z):r] 
A,r = U % rai J 

t=l 

where J m i n ' s are rninimal cusps such that [J min ] 7^ [Jmi n ] if * 7^ j- Therefore, to study on 
A 9t r, it is sufficient to study all codimension -one strata on iXg . 

We always fixed 5mm as * ne standard minimal cusp Jo- Let p be an edge in Xj and 0(Jo, H30) 
the associated stratum in IWj • 

i. Claim 1. Suppose that [J m in] 7^ [Jo]- 

That 0(Jo, [p]ff ) n^[5 min ] 7^ if and only if there is an element 7 6 T such that 

P C (C(JoT \ C(J )) H(^W \ ^Jmin))- 

Proof of the Claim 1. The "if part : By the lemma [2.16l there is a cusp J p of depth one such 
that Jo ~< Jp an d Int(p) = C(J P ). Clearly, C(J P ) is also a rational boundary component of 
C(7J m in)- Thus, Jo ~< Jp and 7J m i n -< J p . The gluing condition 12.15.11 together with l2.2L3l 
and E2L5] shows that O(J , \p] So ) n% min] / 0. 
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The "only if part : We have a z G O($o,[p]$ ) such that z G i% ] n%^i. By the 
gluing condition 12.15.11 there exists a 7 G T, a cusp # and a point in 1 6 Z , such that 
-*< 3 iT^min -< 5 and 7r /(x) = 2. Thus, the edge p is in XL/ by the lemma [2.151 and so 

P € S 75 min = 7( S 5 m in)- 

The cusp J can not be 3o by the condition [3mm] / [5o]- Therefore, we obtain 

P C (C(SbJ \ C(ff )) n(^5mm) \ C( 7 3min)) 

since p G C S 5o n S 75min . _ 

We construct a global irreducible divisor Dp in A g p by the edge p as follows : 

• Case that p is in the set Interior-edge. The claim 1 shows that 

_ [Sp(g,E):r] 
i=2 

Let Dp be the closure of O($o, [p]$ ) in «4 g ,r. -Dp is a global divisor in A 9t r, and 

_ [s P (a,z):r] 
£>p c A g , T \ |J c U^j = % o] . 

• Case that /? is in the set boundary-edge. The above case tell us that for any edge p , 
Dp' C i% ] if and only if p is in the set Interior-edge. 

Thus, we can rearrange the order of 5 mm 's, and we have an integer I > 2 such that 

0(3W/%o)n%*. , ^0, for »= I,---/; 
O(3o, [p]*n) n 1 = ^! for other i 

L u minJ 

By the claim 1, we can suppose that p C £jp and that p is in (7(3^) \C(3 mm ) only for 
i = 1, • • • , Z. Then, there is a cusp 3p of depth one such that p G and 3 min ~< dp for 
all i = 1, • • ■ , Z by the lemma [2.161 For each integer i in [1, • • • , Z], the equality 12 . 2 1 . 3 1 say s 
that Op : = vr 5p (^(3 p , [p]$ p )) is in the stratum d := 0(# min , [/^O of %LiJ' and is 
an open subset in each Oi since each tt^ p is a local isomorphism. We glue all 0\, ■ ■ ■ ,Oi 
together along O p to obtain an analytic subspace S p . Therefore, the closure D p of S p is 
a global divisor in A 9; r- 

Now we begin to prove the statements (1) and(2) in the theorem. 
Define 

All-boundary-edge := lift)- 
peBoundary-edge 7GSp(g,z) 

From the construction of the divisor by an edge in Sj , we immediately obtain : 

the number of irreducible components of D^ 
= #{r-orbits in All-boundary-edge} + [Sp(<?, Z) : T] x #{rj -orbits in Interior-edge} 
= [Sp(<?, Z) : r] + [Sp(<7, Z) : T] x ^jr^ -orbits in Interior-edge}. 

The last equality is due to the lemma 12.161 and the fact that every two cusps of depth one 
are Sp(g, Z)-equivalent(cf.Remark(4.16) in §5 [Nam]). 
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Suppose that the decomposition of £gr has non T-self-intersections. 

Let 5 be an arbitrary cusp. By the lemma I2.2UI the induced T^-admissible polyhedral 
decomposition £3 = {cr lV } of C(5) has non T-self-intersections. 

Claim 2. For any 7 G Tj, any G £3 with <r^ 7^ {0}, the following two conditions are 
equivalent : 

i. s^~ff]s(dM^)f^^ 

ii. 7 acts as the identity on any cone in the set {t £ £3 | r ^ <t^}. 

cl cl 

Proof of the Claim 2. Suppose 5(5,0""^) f] 5(5, 7(0^)) / 0. By the lemma 12.151 we have 
S&^? = J] 5(5,5), and S(3, 7 (^)) Cl = ]J 5(5, <5). 

Because the collection {5(5, <7)} CT e£ 5 is a stratification of we a cone ^ G Ej such that 
5 >: and 5 >: 7(0^)- Thus C 5(1 7 _1 (5). Since £5 has non T-self-intersections, 7 acts as 
the identity on any cone r G £5 containing <r^. 

Using similar arguments in Claim 2, we also obtain : 
Claim 3. Let 7 G I> and let cr 5 / {0} be a cone in £5. If 5(5, 0^) n 5(5, 7(0 5 )) / then 
5(5,0^) = 5(5,7(o"^)) and the restricted morphism 

U'^ls^ : 5(5, a 5 ) — ► 5(5,7(^)) 

is the identification on 5(5, 0^)- 

By the claim 2 and the claim 3, we have 

-Cl ~ ; — ^— -Cl 



pr: 5(5, o») ^SHs) V{0}^g£ 5 . 



Moreover, The statement(l) of the corollary 12.31 guarantees that 3^(5, has only normal 

singularities for any nonzero cone G £5. 

By the symmetry, we only need to consider singularities in the open set iWj ■ Since 7r$ : 

Z$ — ^> tygo] ^ s an isomorphism, then there is an isomorphism 



-cl ^ = cl 



-cl 



for any cone G £ 5o , where 0(5o, [o-I ] 5o ) is the closure of 0(5o, [0l o ]3 o ) in i% ]. 
For each edge p in £^ , the global divisor D p has that 

d p n % o] = o(5o, [ph f = WMhT 1 - 

Thus, Dp is a normal variety. In particular D p has non self-intersections. 

Since £y is regular with respect to T, the statement (2) of the corollary 12.31 guarantees 

I q[ q[ q[ 

that Zg = 5(5, {0}) is smooth, and that 0(5, (— 5(5,0"^) ) is also smooth for any 

o"^ G £g with o"^ ^ {0}. That the irreducible components of intersect transversely is 
obtained again by the statement (2) of the corollary 12.31 

Now we suppose that T is neat. The fundamental group of Ag : r is then isomorphic to F, 
and so Y$/U^ fl V acts freely on Z^ for any cusp 5, thus the morphism 7r~ : Z^ — > A g p is 
etale. Therefore, il[y ] is smooth since that Z'^ Q is smooth. 

□ 



Remark. Assume the condition that T is neat and the decomposition £^ has non T-self- 
intersections. When an edge p G £j is exactly in the set Boundary-edge, by using the argument 
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in Theorem 2.2 of Wang93 we can assert that the associated irreducible boundary divisor 
Dp C A 9t r \ A g r is actually a smooth toroidal compactification X of some locally symmetric 
variety X. The variety X actually has a direct factor like a Siegel variety A ^ r ' for some 

arithmetic subgroup V C Sp(<? — 1,Z) induced by V. The toroidal compactification X is then 
constructed by a T-admissible family which is induced by the decomposition £g . Moreover, if 
two edges P2,P2 in Sfo are both in the set Boundary-edge then D pi = D p2 . 

Example 2.22 (Central cone decomposition). In |Igu67j&; [Nam] . they prove that there exists 
a GL(g, Z)-admissible rational polyhedral decomposition E cent (central cone decomposition) 
of C(3o) such that the induced Sp(g, Z)-admissible family of polyhedral decompositions £ is 
projective, the decomposition S ccn t has a regular(with respect to the lattice basis of U*°(Z)) 
cone of top dimension as C(3o) which is called the principal cone <jq : 

a 

ao := {X = (xtj) E Sym 9 (IR) | Xij < 0(t + j),J2 x H ^ °( V *)i- 

3=1 

and if g < 3 then we have the following properties : 

• S C ent is regular with respect to Sp(g,Z), and all edges of top-dimensional cones in S cen t are 
on the boundary of C(5o); 

• the principal cone o~q is the unique maximal cone in £ C ent up to GL(g,Z); furthermore, the 
cone o"o can be written down clearly as <7o = {J2i<i<j< g I £ ^>o} such that the 

rc 

following edges Q,j are all in C($o) \ C(3o) 

■= Ei ti , 1 <i< g; 

d,j := -Eij - E j;i + Ei t i + Ejj, 1 < i < j < g. 

Therefore the central cone decomposition S cen t must have Sp(g, Z)-self-intersections. 

Definition 2.23. Let T C Sp(g, Z) be an arithmetic subgroup. Let := {o"„ } be an r^ (or 
GL(g, Z))-admissible polyhedral decomposition of C($o), and let A g> r be the symmetric toroidal 
compactification of A 9t r constructed by Ey . 

With respect to the open morphism 7r~ : Z'^ o — > A 9t r, we define : 

1. A top-dimensional cone <7 max in E^ is said to be T-fine if the restriction tt'^ o \b p is an iso- 
morphism onto its image for every edge p of itself, where B p is the divisor constructed by p 
on ZL . 

so 

2. The constructed symmetric toroidal compactification A g r of A 9t r is called geometrically 

T-fine if the following condition is satisfied : The restriction ^ \b p is an isomorphism onto 
its image, where B p is the divisor on Z'^ o constructed by p, p running over the edges of £gr . 



The proof of the theorem 12.211 tells us that a decomposition £5 without T-self-intersection 
will induces a geometrically T-fine symmetric toroidal compactification A 9t r of A 9t r- Actually 
we obtain : 

Theorem 2.24. Let T C Sp(<?, Z) be a neat arithmetic subgroup and let Xg be a T^ (or 
GL(<?, Z)j- admissible polyhedral decomposition ofC($o). Let A 9t r be the symmetric toroidal com- 
pactification of A 9i t constructed by £# . 

Assume that the decomposition Xg is regular with respect to V. The following conditions are 
equivalent : 

i. Every irreducible component of the infinity boundary divisor = A 9) r \ A 9i r has non 
self-intersections; 
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ii. The compactification A g ^r is geometrically T-fine; 
Hi. the decomposition Eg has non T -self-intersections. 

iv. The infinity boundary divisor = A g ^ \ A g ^r is simple normal crossing. 

Proof. By the corollary 12.31 that (i)<^=^(iv) is obviously true. The proof of the theorem 12.211 
actually shows that (i)<^=^(ii) and (iii)^=^(ii). 
We now begin to show that (ii)^=^(iii). 

Since 3b is a minimal cusp of S) g , is isomorphic to the toroidal variety X$ . Let a be an 
arbitrary cone in Sj . Suppose that 7 G T$ is an element such that 7(17) fid / {0}. 

We know that r := 7(0") Pier is a face of a. Let p be an arbitrary edge of r. Then, p\ := 7~ 1 (p) 
is also an edge of a. Let B p (iesp. B pi ) be the divisor on corresponding to the edge p(resp. 
pi). We must have ^ (B p ) = n'^ o (B pi ). 

Claim(*) 7(p) = p : Otherwise, there is a top-dimensional cone cr max £ £j containing a, and 
so B p intersects with B pi transversely by the corollary 12.31 It contradicts the condition that 
Ag t r is geometrically T-fine. 

Since 7 is an automorphism of the lattice T n ?7* (Z), 7 acts as the identity on the edge p, 
and so 7 act as the identity on the cone r. 

Claim (**) r = a : Otherwise, 7(0") and a are two different cone in £g . Let Cr(resp. O^) 
be the orbit in Z'^ Q corresponding to the cone cr(resp. 7(0")). Let 5 be an edge of r. Then, we 
have 

a* □ tW c Bg} a n o 7(,j) = 0. 

But we also have 

4o(^)=4o(^ 7(ff) )' 

which means that the image ir'^ (Bg) have self-intersections. It is a contradiction. 

Therefore, 7 must acts as the identity on the cone a. □ 

Corollary 2.25. Let T C Sp(g, Z) be a neat arithmetic subgroup and let A 9t r be a geometrically 
T-fine symmetric toroidal compactification of the Siegel variety A g ,r '■= fig/T constructed by a 
Y$ (or GL(g, Z) )-admissible polyhedral decomposition £g := {o^ } ofC($o) regular with respect 
to T, where Jo is the standard minimal cusp of $) g . 

Let Di, • • • , Dd be d different irreducible components of the simple normal crossing boundary 
divisor Doo = A 9) r \ A g ,r- 

We have : 

1. That D\ D • • • D Dd 7^ if and only if the followings are held 

• d < dime A g> r; 

• there exists a minimal cusp 3mi n of S) g and a top- dimensional cone <r max in Xg min with d 
differential edges p^ i = 1, • • • , d such that Di = D Pi i = 1, ■ ■ ■ , d, where D p is the divisor 
constructed by an edge p(cf. Theorem \2.21}) . 

2. Assume that d = dim<c»4. 5 ,r- There are two cases: 

• D\ n • • • n D d = and so D x ■ D 2 ■ ■ ■ D d = 0. 

• D\ D • • • n Dd ^ and the intersection number 

D 1 -D 2 ---D d = l. 



Proof. It is straightforward by the intersection theory on toric geometry (cf. [Ful| ) . 



□ 
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3. Canonical volume forms and constrained conditions of decompositions of 

CONES 



For any integer k in [l,g], we still denote the cusp £(yfo-*)) of fig. We take coordinate 
system r = (Tij)i<ij< g € S) g of the Siegel space fi g = {r G M 5 (C) | r =* r, Im(r) > 0}. The 
canonical Bergman metric on fi g is given by 



ds2 = Yl %,H 

i<i<j<gA<k<l<g 



d,TijdT k i 



Tr(«irlm(r)" 1 drlm(r) 



(cf. [Sie43] ) . and its Kahler form is 



9ijM dTi i A dW ^' 



i<i<j<g,±<k<l<g 



Then the volume form is 
1 



( 



g(g+l) • 



g(g+i) 



T, g(g+i) , , 
-) 2 det (%w 



)dVg 



(- 



-1 , g(g+l) 

-) 2 



(detlm^))^ 1 



=: * g (r). 



Here 



/\ dr^ A cff^ = a g ( g +i) ( /\ dr^) A ( /\ 

is the standard Euclidian volume form, where a n := (— l) n ( n-1 )/ 2 is a constant depending on 
positive integer n. We call 3> s (t) the symplectic volume form on 
It is well-known that w can is Kahler-Einstein. Precisely, we have 



(3.0.1) 



-laaiogdet^.^ 



-Idd log(det Im(r)) 



9+1 



-U) c 



Let T C Sp(<7, Z) be a neat arithmetic subgroup. Since(fj 9 , ds 2 ) is Sp(g, M)-invariant, it 
induces a canonical metric on the smooth Siegel variety A g r = fig/T- The canonical metric 
is a complete Kahler-Einstein metric with negative Ricci curvature. The volume form & g is 
also Sp(<7, R)-invariant, and so we have an induced canonical volume form $ 9i r on Ag t r- It is 
known that <3? 5i r is singular at the boundary divisor Doo := A g ,r — A g ,v for any smooth toroidal 
compactification A 9i r- 

3.1. Volume forms of the Siegel space Sj g associated to cusps. Associated to a cusp 
Ba-ki We can write the volume form & g in the coordinate system explicitly. 
With respect to the embedding in the proposition 12.121 



ip : u £ > - x v w 
and ip : (u^s-^ -\- 

( 4-fc 




x 3. 



g-k 



g-k), (Ul + 



6 



{ 



V 

z 





4 
o 








4-fc 





\ / h-k 

z 









where Syrm) 



4 / \ o 

X + v^^G (Sym fe (R) + - 
= {Y G Sym fc (M) | K > 0}. 





4 






-lu2, v, F) i — > exp(ui + V-ln 2 ) exp(v)(F) 
& g , we use the corollary 1 2 . 1 3 1 and obtain that 
\ 

F 





I g-k 





TSymt 



f A_B— f _BA 
2 

4 

,^4 + 
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that each F G $Y = 3((V 9 ~ k ) v ) can be written as : 



Now, suppose t £ Sj g - k and Z = X + yf^lY £ (Sym fc (R) + v /3 TSym+(IR))(=i3 fc ). We note 

k 



(!) F_/ = subspace of Vc spanned by the column vectors of 
Thus, we get 



( r 0\ 

o o fc 

Ig-k 

V o i k j 



for t £ 



g-k- 



6 g 3 



( Ig-k \ 

I k z 

Ig„ k 

V o o 04/ 



/ Ig-k 


V 










t AB- t BA 




2 


Ig-k 







4 




/ 



subspace of Vc spanned by the column vectors of 



subspace of Vc spanned by the column vectors of 



.4 



\A-r'B) Z + ^B-'BA 



Ig-k 





B 

h 



( r (A-t'B) \ 

\A-r'B) Z+* Bt'B- ^ AB X BA) 

Ig-k 

V o i k 

=■ F}. 

(t (A — t'B 

\A-tB) Z+ 1 BtB 
we describe in the proposition 11.21 We also have 



( l AB+t BA) J in fig as 



/ Im(r ) -Im(r )B 

{T) y^Blmir') lm(Z)+ t Blm(T)B 

det Im(r) = det Im(r' ) det Im(Z) . 
Write r = (Uj), A = (ajj), 5 = (bij), Z = (cy), and 

5 := A + = (sy), 17 := A - tB = (uy). 

((cij), (sij), (tjj)) becomes a coordinate system of S) g associated to the cusp $ g -k- Then, 

dUij = ddjj + tjgbgj) 

a 

= ddij + ti a db a j + forms containing (it 

a 

dciij + ti a db a j + forms containing 
— 2-y/— 1 Im(fj a )day A + ti a tipdb a j A dfe^- 
+ forms containing dt or (it. 



(in,- 



dtty A duij 
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Thus, we obtain 



(^) fc <»-*>/\dtiyAdny 



2 



Write 



= detlm(tij)(yy ddij A dft^) + forms containing dt or cZt 

= (-^ZZ) fc (3- fc ) detIm(r')(/\ dsjj A dsjj) + forms containing dt or dt . 



R:= Z + Bt B - ± >- = ( nj ), 



we calculate the canonical volume form in coordinate system (cij,Sij,tij) of Sj g : 
dVg(T) = ( f\ dtij A dt~) A (f\ duij A drqj) A ( /\ dnj A o^j) 

l<i<j<g—k ij l<i<j'<A; 

= det Im(r )( /\ cftjj A dtjj) A (/\ dsjj A ds^") A ( /\ dcjj A dqy). 

l<i<j<g—k ij l<i<j'<A; 

Define 

dVol(r') := y\ dtij A dUj), dVol(S) := /\ dsijAds^J, 

l<i<j<9-k l<i<g~k,l<j<k 

and dVol(Z) := dcjj A dciy. 

i<i<j<fc 

Since cfVol(r') is just the standard Euclidian volume form dV g _k on fj 9 _fc, we have : 



W = (- 



-1 g(g+i) dV g (r) 



(detlm(r))9+i 



V^T g ( g +D det Im(r )dV g - k f\ <No\{S) f\ <No\{Z) 
^ 2 ' 2 (detlm(r')det In^Z))^ 1 

^s-fc^/V 2 J (defln^r'))^ 1 /V 2 j (detIm(Z))ff+ 1- 

Proposition 3.1. Let $ = $(V( 9 ~ k ^) be a k-th cusp of $) g for an integer k G [1, We /iofe : 

1. The Siegel space can be written as 

% = {-= ( t(A : T . B) z+t j T A B :?L-B A> )^M g{C) 

| t = (Uj) G Z = (qj) G A + ^/^LB = =: 5 =€ M s _ feifc (C)}, 

and ((cjj, (sjj), (i^)) becomes a coordinate system of S) g associated to 

2. We have the following formula for the symplectic volume form : 



®9-k{T )/\{ — ) '(Sl^TjpAl— J 2 (d ctIm(Z))9+l' i < fc <5 

^ v^T \ g(g+1) dWQg) . _ 

I 2 J 2 (detIm(Z))9+ 1 ' K - g. 
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3.2. Examples on Local volume forms of low-degree Siegel varieties associated to 
central cone decompositions. In this subsection, we compute volume form for some low 
genus(<7 = 2, 3) Siegel varieties A g ^ n {n > 3) related to some special compactifications. Let X] cen t 
be the central cone decomposition of C($o) and o"o the principal cone in S cen t, which is defined 
in the example 12.221 

Let A g n be the projective smooth symmetric toroidal compactification constructed by the 
central cone decomposition S cen t of C($q). We then have an induced canonical volume form 

$g,n := ^g,r(n) on Ag t n, which is singular at the boundary divisor Doo,™ := «4^n ~~ ^g,n- 

We now calculate the volume form on Siegel space Sj g associated to the cusp ^o- We fix a 
lattice basis := h g + Q. 3 }i<i<j<k of T(n) n ^(Q) such that R>o<Jj(l <i<j<k) are all 
edges of the principal cone cjq in S cen t : 



w 



= nEi ti , for 1 < i < g; 

Qj = n(-E ld - E hi + E iti + EjJ) £orl<i<j<g. 



Then, {Cij}i<i<j<g is a basis of Sym 9 (]R) and Z = (cij)i<i,j<g in the proposition 13.11 can be 
written as 



Z ~ zl Z »(i,j- 
l<i<j<9 



Thus, we get 

nZ := Z 



Zi 3^i] 



«,3 
i<i<i<g 

9 

zL z vQj + zZ Z 3iQ,3 

l<j<3<9 3=1 

9 3-1 9 

n ( Yl Z ij(- E i,j ~ E 3,i) +zZ( Z H + J2 Zl i + Yl Z fl) E 3 
l<i<j<k 3=1 1=1 l=j+l 



On the other hand, Z = J2i<i<j<k c ij( E i,j + E j,i) + Z)f=i c ll E l,l- Thus, we have 

-ij = c ji = ~ nz ij, f° r 1 < i < 3 < 9', 

-33 = n ( z 33 + £j=i % + ELi+i z iti =: n ( z n + m i) for 1 < 3 < 9- 

We calculate the volume form <3? 9 in the coordinate system (zij) : 



dZ := ^ dcij = 

l<i<j<9 

detlm(Z) = n s det!m(Z), 



n- 



ff(ff+l)/2 



where 



Im(Z) = Im 



/ zu + mi 



-Zy 



-Zy 



Zjj + r?y 



A dz y 

l<i<3<9 



-zik \ 



Zjk 



Zkk + m k J 



:-!.x 
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Then, we obtain 



(3.1.1) 



f\ dz-ij A dzJJ 

_ . , . y— 1\ g(g+i) Ki<j<g 

$ (r) = (- ~ - J - y — . 

9 2 (det!m(Z))f+i 



Recall the example 12.141 we have a commutative diagram 

w ij : =exp (2tt yj — Izij ) 



c 



+ 



(C*)9(9+ 1 )/ 2 



and a set 



A 



5o 5 o"o 



{x = (wij)i<i<j<g G C 9 ^ +1 ^ 2 | there exists a neighborhood 



A x of x such that A x n (C*)^ +1 )/ 2 C 



r(/) n c/*° 



}• 



Define 



A 3o,*o := A 5o,<xo - IJ (K) G A ^,^o I <%■ = °}- 
i<i<j<a 

We know that the local morphisms ir^ o : Ag 0i(70 — > and 7r^ o : A^ o — > -4. 9 , n are etale. 

Define 

the volume on At Then, on At , the canonical volume form has 



(3.1.2) 
where 



$<x (<%) = (-=-) 



1 , 9(9+i) l<i<j<g 



(n 



Iog|W| := 



/ log | wn| + <7i 
-logllfyl 



\ -log|ioi ff | 



i<«<i<9 1 *3 



log|iwij| 



W7ij| 2 )(det log|W|)9 +1 



lo gH 5 l \ 



log\wjj \ +qj 



log \ w 



39 \ 



log 1 10 



where 



.19 



3-1 



log|u; 99 | +g 9 / 



9x3 



<7j := — 27rlm(mj) = — 27rlm(^~] + Zj-j) 

z=i i=j+l 

3-1 9 

= X] l0g l W/ 3'l + l0g for 1 < J < 5- 



3.3. Global volume forms on Siegel varieties A 9l r- Let Sj := {<r^ } be a r^ (or GL(g, Z))- 
admissible polyhedral decomposition of C^o) regular with respect to an arithmetic subgroup 
T C Sp(<7, Z). Let cr max be a top-dimensional cone in The cone <7 max is generated by a 
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lattice basis of n T, and then we can endows a marking order on this lattice basis. We have 



r 



- J2l}=i 1)/2 ^>oHp) where {UJl)} 9 ^ 1)/2 is the marking basis of U*° n T. We write 



KV) = E for p = 1, ■ ■ ■ , 0(0 + l)/2 

i<j<?'<9 

where {5j :) '} 1<i<3<9 is the standard Z-basis of Sym fl (Z) given by 



Si 



Ei 



i<i<g; 



J i,3 



(Eij + E jti ) 1 < i < j < g. 



Then, we have a g(g + l)/2 x 5(5 + l)/2 integral matrix 
(3.1.3) 



ir(o- m ax,,{^}) : = 



'1,1 



/I 



I , 9 (ff+l)/2 ;ff(9+l)/2 / 

\ 9(9+l)/2,l • • • f 9 (9+l)/2,9(9+l)/2 / 

Define 

vol r (0 m ax) := det(L r (0 m ax),{^Gu)}) 2 - 
Clearly, volr(0 m ax) is a positive integer independent of the marking order of the basis. 

Theorem 3.2. Let T C Sp(g,Z) be a neat arithmetic subgroup and £g- a T^ (or GL(g,Z))- 
admissible polyhedral decomposition o/C(3o) regular with respect to T. Let A 9t r be the symmetric 
toroidal compactification of A 9j r '■= fig/T constructed by S^ . 

Assume that the boundary divisor := A 9t r \ A 9) r is simple normal crossing. Write 
Doo = [J Di. For each irreducible component Di of D^, let Sj the global section of (Di)) 

i 9 ' 

defining D; L . Let max be an arbitrary top- dimensional cone in Sj with a marking order on its 
edges. We renumber the components Di's such that D±, -- ,D g ^ g+1 y 2 « re ^ e components of 
constructed by the edges of max according to the marking order on edges o/0 max - 
We have : 

1. The canonical volume 5> fl r on A g ,r can be represented by 



(3.2.1) 



dV a 



9,r 



g(g+i) 



(IL = 1 ll S i|lf) F r +1 ( l0 g|l S l||ir-- , log I |« 9(9 + 1) I I £(9+1)) 



where dV g is a global smooth volume form on A 9t r, \\ • \ \i is a suitable Hermitian metric on 
the line bundle r (-Dj) for each integer i with 1 < i < g(g + l)/2, and 



H 



9+ {Aolr(0n 



is a homogenous polynomial of degree g such that H G Z[xi, • • • , £ g ( ff +i)/2] an d a ^ coefficients 
of H are dependent on T, max , and the marking order on edges of max - 



2. 



9(9+1) 



(3-2.2) (V=D^(^)WV, 



II INlfSf^logSf 1 - 1 )^ onA g , T , 



3=1 



where Q T := F r (log ||si||i, • • • , log ||s 3 ( g +i) || 9(9+1) ' 

2 2 
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3. Moreover, the polynomial Ft (x±, ■■ ■ , £ s ( s +i)/2) in \3. 2. 1\ satisfies the following condition 

detQ r -(— )^i^ 9+1)(9 - 1) =0, 
5 + 1 

where Qt is the following g ( g+1 ) x matrix 



Ft( 



2^2 

d 2 F v . 



/ ftFr \ 



dxidxi 



dF r 



Proof. Let iV = 5(5 + l)/2. Let 3mi n be an arbitrary minimal cusp of £j g , and let a be any 
top-dimensional cone in the decomposition Sj min induced by Egr (cf.Lemma [2TTT]) . 
Recall the local chart (Ay minj(T , (wf, ■ ■ ■ ,w^)) in 12.13.11 and 12.141 We have 



mC/^min (Q) "lSmin,0- 

etale 

V r — A,r, 

where rnt/ ^f in ?qs — ^ ^Smin.o- ^ s a toroidal embeddingfcf.Lemma 12.15]) . The following facts are 
important : 

i. The morphism tt^ : rnt ,fc in(Q) -> V r is surjective. 

ii. Define W$ min}(r := ^ . (Ag minj(7 ). Since A g p is geometrically fine, the restriction map 
7r 5 m - n l{«;?=Q} i s an isomorphism onto its image for each wf. Thus, (W# mini(r , (w% , ■ ■ ■ ,w^)) 
becomes a coordinate neighborhood of A g p- 

N 

iii. Define := W dmtnt<T - U {< = 0}, we have 

i=l 

w 1 min ,<x = ^ min , CT \^oo=io 3 /r. 

iv. The compactification A 9t r is covered by finitely many open sets of the form W$ §, where # 
is a minimal cusp of Sj g and 5 is a top-dimensional cone in the decomposition £3. 

Now, we begin to prove the statements 1 — 3: Let be an arbitrary top-dimensional cone in 
the decomposition £j . We take a global coordinate chart (W£ o- max i O^ij • • • , w n)) on "4g,r 

constructed by <r max as above such that Di n W# 0i(rinax = {itfj = 0} for any integer i 6 [1, g ^ 9+ ] • 

1. Similar calculation as in l3.1.2| the form $ 5; r on (W| CTmax , (wi, • • • can be written as 

(^J* A dwiAdm 

Ki<N 



" (ni<i<ivKI 2 )(^r(logK|,--- .logl^l))^ 1 
such that Fr = , = where H £ Zfxi, • • • , xat] is a homogenous polynomial of degree 

9+ yvol r (cr max ) 

5. It is obvious that the coefficients of H depend on T, <r max , and the marking order on edges 

of Cmax' 

For each integer i E [1, iV] , we choose a Hermitian metrics || • ||j on O-^ r (Di) by setting 

\\siWi = \wi\ on TV 5o , CTmax . 
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Let dV g be a global smooth volume form on A g ,r such that on (W2 o- max i (^i> • • • i w n)) there 
holds 



Ki<N 



Then, we obtain that the form <I> 5) r on -4. 9i r can be represented by 

dV a 



9,r mj(s+l)/2 II „ 112^773+1/ 



OB^T" INLW '(loglklli,--- ,iog|MLv) 

2. Since w C an is Kahler-Einstein, as the formula 13. 0.1 1 there holds 

N 

V^lSSlog ((JJ \\Si\\f)Fji +1 (log ||si||l, • • • , log ||SJV||JV)) = -W can On .A^p. 

i=i 

Since 591og(J3^ 1 = on A 9j r, we obtain 

V^^T^S log (log 1 1 Si 1 1 1 , • • • ,log ||sjv||jv) = -W can On A g T- 

On A g> r, we then get 

(^=1)^(^0 log if +1 (log | | Sl | |l, • • • .loglMk))" = (""can)" 

= (-l)^iV!$ Sj r. 

3. With respect to the global coordinate chart ( W£ a , (u>i , ■ ■ ■ ,wn)) on A g .r, we define 
G(wi, ■ ■ ■ ,wn) '■= Fr(log \wi\, ■ ■ ■ , log |wjv|)- By the equality 13.2.21 we get that 

JV 

5 /\ dwiAdWi = G 9+l (Y[\wi\ 2 ){ddlogG 9+l ) N 

l<i<N j=l 



(g + l)^G^ +1 (n K| 2 )(E —^ G -^ dw . A 



i=i i,j 

where 5 = (—1) N 2~ N N\ is a constant. 

Let F a := 9 -^^,F Q , := for 1 < «^ < 0n Ar, we have : 

G Wi (wi, ■ ■ ■ ,w N ) 
Gwi(wi, ■ ■ ■ ,w N ) 
G Wi yn(wi, ■ ■ ■ ,w N ) 



FiQag 


\wi\,- ■ ■ 


,log 


\ w n\) 




2wi 






i^i (log 


\w x \,- ■ ■ 


,log 


\ w n\) 




2wl 








l\wi\,-- 


• ,lo£ 


;kjv|) 



AwiWj 



(det(F r i^.-F^)^-(^)^2 , log |^|) = on A,, r , 
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where (FpFij — FiFj)ij is the following matrix 

/ F r F n -F 1 Fi ■■■ F T F lk -F x F k 



FrF m i — F m Fi 

\ F T F N1 - F N F 1 
Actually, we have : 



FrF m k F m Fj i 



(FrFij - FiFrfij = F r {Fi 




FtFw-F^n \ 



FrF m N — F m Fjy 



FtFnn — FnFn ) 



F\ 



F N ) 



□ 



Example 3.3. Let T = T(n). We consider volume forms on A g ^ n in the case of genus g = 2 
with same conditions as in the theorem 13.21 A top-dimensional cone cr max in Ej is given by 

3 



3} 



i=i 



where h, l 2 , h satisfies that 
• for each %, 



k =n( 



1 



+ a i2 I 2 q I + «i3 i q | 







( ( 1 

all dij are integers and D := ^1 (det(ay)3 X3 > 0. 
Each Z E S) g = Sym fc (R) + \J — lSyin^ (R) can be written as 



z — y Zi i{ 
i=i 

J Z\a\\ Z\a\2 \ / Z 2 a 21 ^20-22 , L 

U ziai2 2iai 3 / 1 z 2 a 22 z 2 a 2 3 1 



n 



zsa 31 z 3 a 32 
£30.32 ^3033 



n 



Z\a\\ + z 2 a 2 i + z 3 a 3 i Z\an + z 2 a 22 + ^3032 
Z\a\i + z 2 a 22 + z 3 a 32 ziai3 + z 2 a 23 + ^3033 

Then, the symplectic volume becomes 

V - 1 x3 D 3 dzi A dz 2 A A ctei A a*Z2 A dz^ 
2 ~ (detlm(Z)) 3 ' 



where 



Z = -Z 

n 



z x a\\ + z 2 a 21 + z 3 a 3 i Z\a\i + z 2 a 22 + z 3 a 32 
zxa\ 2 + z 2 a 22 + z 3 a 32 zia 13 + z 2 a 23 + 23033 



For each integer i in [1,3], let Di be the smooth divisor on A.21 constructed by li and let Sj 
be the global section of O-^ (Di) defining Di. Then, the symplectic volume form $ 2j / on A 2 j 
can be represented by 



$>5 



aV 



I Si 1 1 1 1 1 «2 1 1 2 1 1 S3 1 | 3 ) 2 J F^(log 1 1 Si 1 1 1 , log 1 1 S 2 1 1 2 , log 1 1 S3 1 
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Fr(x,y,z) 



Ax 2 + By 2 + Cz 2 + Lxy + Mxz + Nyz 
D 



Define variables yi = x,y 2 = y,y 3 = z. and let Fj = ^ and Fy = J^-- Let. 



where ^4 = anai3 — a\ 2 , B = 021023 — «22' ^ = a 3i a 33 ~~ a 32' ana - 

L = ana 2 3 + 021013 - 2ai 2 a 2 2, M = ana 33 + 013031 - 2ai 2 a 3 2, TV = 021033 + 023031 - 2022032- 

_ „„■! A. - J*" 

dyi 

G = det(F r F, - F.l-)),., - (^) 3 F 3 . 

The coefficient of the term yf in G is A 3 D~ 6 P(aj.,), where P £ Q[(xy) 3x 3] is a homogenous 
polynomial and 

P(aij) = 2BM 2 + 2CL 2 + 2ATV 2 - 8.4FC - 2LMN + (8/27)F> 3 . 

The coefficient of the term xf-^x^x^ of F is —46/27, thus F is a nonzero homogenous polynomial 
of degree 6. 

3.4. Restraint conditions of decompositions of cones from Kahler-Einstein equations. 

Let 



TV 



9(9 + 1) 



and let Sn be the group of permutations of the set {1, ■ ■ ■ , TV}. 
For any integer i 6 [1, TV], let Y(i) be a g x g symmetric matrix 



/ 1/11 (*) ■■■ yi g (i) \ 
\ Vigil) ■■■ Vggii) j 



with 



TV-variables. Each Y(i) can be identified with a 1 x TV matrix as 

Y{i) := (yn(i),--- ,yifl(*).ite2(*).--- ,y2 9 (i),--- ,?/#(*)>■■■ >%■»(*)>■■■ 

Define 



y := 



y(0 



We know that Y is a n x n matrix with n 2 -variables. Define F>(y) := det(y), it is a homogenous 
polynomial of degree TV in Z[Y] := %[(yki(i))i<k<l<g,i<i<N]- For any q G SW, we define 



,(y) := 



\ Y(,(N)) J 



Then, we will obtain a characteristic variety Q g by the unique Kahler-Einstein metric on f) fi 
Define F = det(^ =1 XiY(i)). We have 

f= tj 1 ...j Ar (y)x 1 1 • • • x^ 

iiH Mjv=fl,ifc>0 
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and each ti v „i (Y) G Z[Y] is a homogenous polynomial of degree g. 
Let 

F 



We calculate 



d := det(F( 



9 2 F 



_ dF_ dF 

ih-Ar,''-' 1 dF I V ^' "' ' ^ 



det (/••(JS:),, 



/ \ 

' dxi » 



aF . . . dF 

9a; i ' ' dxff 



D{Y) 2 9 

G 2 ■= (^L)^2 £ ^ tii F^ +1 )^- 1 ) 



D(y)2(fl-i) 

9(9+1) _ g ( g +l) 

^9+T- 



(_i r )^2^F(^)(^ 1 ) J D(y) 2 
£>(Y) 2 9 ' 

Let G := D(Y) 2 9(Gi - G 2 ). we can write G as 
(3.3.1) G= C h ... jN {Y)4---4 



„Jl „3N 

N 

JiH hj'jv=g(9 2 -l),j fe >0 



such that each Cj 1 ...j N (Y) E Q[Y] is a homogenous of degree g 2 (g + 1). 

Lemma 3.4. Let Cj 1 ...j N (Y) G Q[Y](V?i + • • • + jjv = S^ 2 — 1) wi/i 3k > Oj &e polynomials 
defined in \3. 3.1\ For any a system of positive integers (ji , • • • , jn) with ji + • • • + jn = g(g 2 — 1) , 



C n ... jN (,(Y)) = C^ 1(1) ..^_ HN) (Y) Vc G S N . 

N 

Proof We have det(£ x t Y(^i))) = £ *ii~i w (sP0)*i • • • x% . 

i=l Mjv = <?i*fc>0 

On the other hand, we have 

N N 

det^^Y^))) = det(^x f -i (i) Y(i)) 

i=l i=l 

= tj 1 ... ijv (y)x f 1 _ 1 ^ 1 ^ • • • z--i(jv) 

iiH — l-«jv=g,«fe>0 



^1 til— in (Y) x i ( ' ■ ■ ■ ^jv 

*«(X)H N c (JV)=S:*fc>0 

. . fyU'i . . . ~3n 



jiH — \-jN=g,jk>o 
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Therefore, we obtain 

th-i N k(Y)) =ti s _wVW y ) Vh + --- + iN = 9 with 4 >0. 
Since D(?(y)) 2 = D(Y) 2 for all ? G S^r, we have the statement as well. 

□ 

The permutation group «Sjv has a natural action on the set M/v X jv(C) of N x iV- matrices as 
/ %(1)) \ 



s(?(0) 



V B(?(JV)) / 



, for <r G 5jv, 5 = (B(1) T , • • • B(i) T , • • • , J B(7V) T ) G M NxN (C). 



We know that S'at acts freely on GL(g,C) = {A G Mn x n(C) \ det A ^ 0}, and so the quotient 
:= GL(g, C)/Sn is a smooth affine variety. 

Lemma 3.5. Let Sj := {<t„ } be a T$ (or GL(g,7<))-admissible polyhedral decomposition of 
C(3o) regular with respect to an arithmetic subgroup T C Sp(<7,Z). There is an infective map of 
sets 

vy : {top- dimensional cones in S^ } ^3 9 (Z), 
where ^3 5 (Z) is the set of all integral points of the variety tyg. 

Proof. Let <7 max be an arbitrary top-dimensional cones in Sj . Let {/(^jj^f^" 1 ^ 2 be any marking 

s(ff+l)/2 v v 

basis of C/*°(Z)nr such that cr m ax = ^ R>o/(/i). The -Lr(cr max , {Ka 4 )}) defined in l3.1.3l is an 

element in GL(<7, Z), and its projective image [Lr(cx max , -f in GL(p,Z)/5iv is independent 
of the marking order of the basis {^(m)}^!" 1 ^ 2 - 

Therefore, we define a map ur '■ {top-dimensional cones in Sj } — > *P 9 (Z) by 



' — > [L r (o- max ,{l(n)})}. 

It is obvious that z^r is injective. □ 

Lemma 3.6. Define 

% = {Z€ GL(g, C) | C h ... jN (Z) = Vn + • • • + j N = g(g 2 - 1) with j k > 0}, 

where Cj 1 ...j N 's are polynomials defined in \3. 3.1\ The permutation group SV acts freely on the 
affine variety 2l 9 . 

Proof. By the lemma 13731 we obtain that if Z G 2t 9 then s(Z) G 2l 5 for all ? G S'at. Thus, S'at has 
an action on 2l 9 . □ 

Define 

(3.6.1) Q g := %/S N . 

It is obvious that g is an affine variety defined over Q dependent only on We call £l g the 
(/-KE-characteristic variety. 
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Theorem 3.7. Let T C Sp(g, Z) be a neat arithmetic subgroup. Let £gr := {<r* } be a T^ (or 
GL(<7, Z) )-admissible polyhedral decomposition ofC($$) regular with respect to T, where 3o is the 
standard minimal cusp of the Siegel space S} g . Let A g p be the symmetric toroidal compactification 
of Ag : r '■= £jg/r constructed by E# . 

Assume that the boundary divisor Doa := A 9t r \ A 9t r is simple normal crossing. There is an 
injection map of sets 

ut : {top- dimensional cones in Sgr } ^> £2 3 (Z), 

where g (Z) is the set of all integral points of the g-KE- characteristic variety 0. g . 

Proof. It is straightforward by the theorem 13.21 and the lemma 13.51 □ 

Corollary 3.8. Let T C Sp(g, Z) be a neat arithmetic subgroup. Let £g := {cr^ } be a ^So( or 
GL(g,Z))-admissible polyhedral decomposition of C(5o) regular with respect to T, where 3o is 
the standard minimal cusp of the Siegel space $j g . 
There is an injection map of sets 

vy : {T-fine top- dimensional cones in S^ } — > £2 5 (Z). 

Proof. As shown in the theorem 12.241 if a top-dimensional cone a £ S j is T-fine then any 7 G 
with 7(0") fid / {0} must act as the identity on the cone a. The rest is trivial. 

□ 

4. Asymptotic behaviour of logarithmical canonical line bundles on smooth 

toroidal compactifications of a g< r 



Let N = g(g + l)/2. For any positive integer n, we define a constant C n = (j^ - )™- 
In this section, we fix a neat subgroup V C Sp(g,Z) and a rj (or GL(g, Z))-admissible poly- 
hedral decomposition Xj := {cr„ } of C(3o) regular with respect to V such that the con- 
structed symmetric toroidal compactification A g p of A 9j t '■= ftgl^ is geometrically T-fine, i.e., 
Doc '■= Ag : r\A 9i r is a simple normal crossing divisor. We define Ax>(e) to be tube neighborhood 
of Dqo with radius e for suitable real number e > 0. For every irreducible component Y of Doc, 
we define 

Y*:=\ (J (Dj n Y) and Y x := [j (Dj n Y) 

D^Y D^Y 

1 

where Doa = (J D^. Then, Y^ is a simple normal crossing divisor of Y and Y \Y* = Y^. 
i=i 

Let K-^ r be the canonical divisor of A 9: r- Let we be the Kahler form of the Bergman metric 

on Ag^r- The Kahler-Einstein equality says that \/—ldd& g ^r = ^b- 

Since ujb has Poincare growth on (cf . [Mum77| . or Lemma 14.71 in this section), we obtain : 

Proposition 4.1. Let T C Sp(g,Z) be a neat arithmetic subgroup and let £j be a T$ (or 

GL(g,Z))- admissible polyhedral decomposition of C(3o) regular with respect to T. 

Assume that the symmetric toroidal compactification A 9t r of A 9t r '■= ¥)g/^ constructed by 

I ' _ 

has simple normal crossing boundary divisor Doo = |J Di{= A 9t r \ A g r)- 

i=l 

Let dVg be an arbitrary global smooth volume form on A 9) r- For each irreducible component 
Di of Doc, let Si be the global section of O-^ (Di)) defining Di and let \ \ ■ ||j be an arbitrary 
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Hermitian metric on the line bundle O-^ r {Di). On A g- r- We have 

q dVg 

9 ' r ~(n!ii^iii) 2 (n!iogii^ii^ +1 ' 

In the theorem 13.21 we show that there is a system {(U a , (wf, • • • ,w%))}a °f finitely many 
coordinate charts of the compactification A 9i r such that 

N 

(4.1.1) U* := U a \D 00 = A g , r and U a nD OB = \J{ Wl = 0}. 

i=i 

On any such coordinate chart (U*, (wf, • • • , w^)), the canonical volume $ S) r of A g ,r is written 

as 

{^r) N A dwf A (hUf 

, Ki<N 



a (Ui<i< N K\ 2 )(F a ^gH\,--- ,iog\w%\))9+i- 

where F a £ R[xi, • • • , xn] is a homogenous polynomial in of degree g. We call this F a the local 
volume function with respect to the local chart U*. Write 

p? = gg^sri ^ g^_^> with 1 < ,i < iV. 



Define 



:= F a F l a j - F?Ff with l<i,j<N. 



For any pair (i, j), T"j is a homogenous polynomial of degree 2g — 2 in K[:ci, • • • , xjv]- Then, we 
have aN x N matrix T a := (T^). 

Now, we compute 90 log $> a on C/ Q as a current: 

d51og<D Q := -301og( J] K| 2 )F a (log|<|,--- ,log|^|f +1 

l<i<N 

= -ddio g ( n ki 2 ) + + io g F Q (io g ki,... ,i og K|) 

l<i<N 

= -ddio g ( n ki 2 ) 



Ki<N 



ddF a (\og\w?\,--- ,\og\w%\) (dF a A dF a )(log\wf\, ■ ■ ■ ,log|w^|) 
H F«(IogK|,--- ,log|u;ft|) ~ F«(logK|,--- ,log|^|) 2 1 



pa 



^(2 + ( 5 + l)^(log K|, • • • , log \w%\))ddlog |< 



i=l 



+ E 7^(iogKI,---,iogKI) ^ J . 

l<i,j<N 1 i 

We know that the coefficients of the current dd\og<& a are all locally integrable. Actually, 
-^^-Sdlog <E> Q is a positive closed current, its restriction to U* 

v ^ (ddlog$ a )\u* = Cl (K AgX ,h B )\ us 



2tt 
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is a strictly positive (1, l)-form, where Kj^ gT is the canonical divisor on A g> r and Iib is the 
metric on K^ g r induced by the Bergman metric of A g ,r- We write the current as 

<9dlog<D a = -^(2 + ( 5 + l)^(logK|,--- ,log|^|))^|^d<Ad< 

i=i 

l<i,j<N y ' » J 

where <5o is the standard Dirac measure at and Pr^ : C N — >■ C is the i-th projection by 
(zi, ■ ■ ■ , zn) Zi- Particularly, dd log & a is a smooth form on U* and 

ddlog$ a = -(g + l) J2 7T^(logK|,--- , log |^|) ; a — 3 onU*. 



We define a new N x N matrix K = (-fQj) by 
K id (wf, ■ ■ ■ ,w%) 

-G? + i) 1 



4 (F«) 2 (logK|,--- , log |^|) 

r ( M ggga} (_2_ (FQ) 2 + r . .) (log | wf |, . . . , log Kl)/|<| 2 , i = j; 

\ 7% (log K|, ■ • • ,log |^|)/<^\ i / j. 

Therefore, we can rewrite the current as 

(4.1.2) d~8\og<5> a = K ijW> ■ ■ ■ ,w%)dw? A dwj. 

1<i,3<N 

Proposition 4.2. Let T C Sp(g,Z) &e a neat arithmetic subgroup and Sg a r^^or GL(g, Z)J- 

admissible polyhedral decomposition o/C(3u) regular with respect to T. Let A g ,r be a symmetric 

toroidal compactification of A g ,r '■= £>g/P constructed by £# . 

Assume that the boundary divisor := A g> r\A g> r is simple normal crossing. Let $ fl r be the 

standard volume form onA 9t T- Letp be a positive integer in [l,g(g+l)/2] and let^ := (dd$> 9t r) p - 
i 

Write Doo = [j Dj, we have : 

3=1 

_ l 

1. The form ^ can be extended to a continuous (N,N)-form 4> on D* U \J D*j. Define 

3=1 

(4.2.1) Rest A ((^ 9 , r ) p ) := 

for each irreducible component Di of D^. For each Di, the form RestD i ((93<l > 9i r) p ) is a 
smooth form on D* 

2. For each irreducible component Di of D^, the form Rest£> i ((93 < l ) 9) r) p ) has Poincare growth 
on the simple normal crossing divisor Di^ of Di. That Rest£> i ((<9<9$ ffv r) p ) becomes a current 
on Di in sense that the following integral 

(4.2.2) / Rest Di ((c^, r ) p ) A a := lim / Rest Di ((95$ ff , r ) p ) A a 

JD, e ^°JDi\Ti( e ) 

is finite for each smooth (2N — 2p)-form a, where Tj(e) is a tube neighborhood of Di :OQ with 
radius e. 
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3. For each irreducible component D{ of D^, the form Hesto i ((dd^ gt r) p ) is closed on D* and 
(■^i) p RestD i ((59<I> 5i r) p ) is a positive closed current on D{. 

Proof. 1. The statement (1) is a consequence of (4) of the lemma [4~6l and the lemma l4~3l in the 
following subsection. 

2. By symmetry, we prove the statement(2) for case D\ only. It is a local problem and it is 
sufficient to prove this statement for p = 1, 

Taking a local chart (U a , (wfw%, • • • , w^)) of A g ,r as in 14.1.1) we have the smooth form 

„ T a - dwfAdwf 

Thus, on D\ n U a , the Rest£> a (<99<I> 9i r) can be written as 

. T a , dwfAdwf 
Re S t Di (dd$ g , T ) = -(g + 1) Yl 7p^2( lo gKI.--- ,log|^|)k=o a — 3 onU a r\D{. 

2<i,j<N ^ ' i W j 



aijdwf A dwj 



2<i,j<N 



Let V\ C D\ be a small neighborhood in containing the origin point and U\ a small 
neighborhood in U a such that U\ C\D\ = V\. Let i,j be two arbitrary integers with 2 < i, j < 
N. Since dd<& 9) r has Pincare growth on U a D -Doo we have 

/ '-' (log K|, • • • , log \ W %\)—L=\ < - - — — g- — — on ^ntf* 



(F ) 2 tol i " ' JViy 4<u7«' ~ K^HlogKllogl^,, 

for a suitable constant. Let it;" — >■ 0, we get 

C 

< — ■ ■ on Vi n n U* 

Therefore, Rest^dd^r) has Poincare growth on D\ :00 CiU a , and the integral T4. 2. 21 is finite. 
3. It is sufficient to prove the statement (3) in case of D\ for p = 1. It is also a local problem. 
Take a local chart £/q, of -4 9 ,r- Let V be an open neighborhood in D*nU a . For a sufficiently 
small e, we define a sub-complex manifold in D* 

v £ ■.= {(£, ,o | (o,<,... ,^)ey}. 

On Vg, we have 

d(*|v e )(e,«;f,--- ,u#) 

= d(*| v J(e, _ _ _ 

„ (w? dwf + Wfcdw^) A dwf A dw? 
V Q fc ,ij(log|e|,log|^|,--- ,log\w%\) 1 a , 2 a — 

where Qk,i,j(xi,X2, ■ ■ ■ ,2Mv)'s are rational functions. 
On V, we also have 

dRest Dl (dd$ gt r){w%,--- ,w%) 
2^ p fe,i,i( lc) gF2 Ir-- Aog\wN 



2<k,i,j<N Mfwfwf 



where Pk,i,j(x2, • • • j^aO' 13 are rational functions. 
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Let (k,i,j) be an arbitrary triple with 2 < k,i,j < N. Let (z% , ■ ■ ■ ,Zj^) be an arbitrary 
point on V. By directly calculating, we get 

Pk,i,j (log 1*2 I > ' ' ' > lo S 1 ) = 1™ Qfc.ij (log |e| , log \z% \ , ■ ■ ■ , log \z% |) . 

On the other hand, 

d(*| Ve ) = =0| Ve = 0. 

Thus, 

Qk,i,j(^g\e\,\og\z§\,--- , log |^|) = 

for any sufficiently small e. 
Therefore, 

Pfc,ij(log • • ,log = on V, 

and so 

dRie&tD 1 (dd$g,r) = 0. 

□ 

4.1. Some lemmas on local volume functions. For any polynomial T in R[xi, • • • , xjy], we 

can write 

T = aja^ + a/-!^ -1 + • • • + ao with a; 7^ 

where each m is a polynomial in R[x2,--- ,xn], we then define deg^T) = I, and so that we 
define degj T for i = 2, • • • N similarly. 

Lemma 4.3. 

{= 2deg fc F a - 2, i = j = k 
< 2deg k F a -1, i = k, j + k ori^k, j = k 
<2deg k F a , i^k,j^k 

and 

deg k deb(T%)i<ij< N < 2N deg k F a - 2. 
Lemma 4.4. degj F a > 1 for all i = 1, • • • N. 

Proof. Otherwise, deg fc F a = for some k. Then TP- and T^ k are zero polynomials for all 
integers j G [1>JV]> so that det(I^l)i<ij<iv is a zero polynomials. But the theorem 13.21 shows 
that 

det(l-)(logKI,--- ,log|^|) = (^-) £i ^ ii ( J F a )[? +1)(9 - 1) (logK|,--- ,logKH)/0onEC 
J + 1 

It is a contradiction. □ 
For convenience, we now allow any function to take ±00 value. Define 

= — log0 + := lim log — . 

r-s>0+ r 

Here are some definitions and rules : 

x v Q := 0, {u )° = 1, 

au := lim log(-) a (a G R), au + /3v := (a + 0)v Q (a,/3 G R), 

r-s>0+ r 

(u ) a ■= lim (log V (« G R>o), := (« E R> ), 

rfxug:=uZ +l} (a,/?GR). 
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We prohibit the rule av^ + fiv\ = av^ for any a 7^ 0, f3 7^ 0, a > b. We just write formally as 
ocVq + /3vq, and we set the rule of the multiplication by 

n m 
i=l j=l ^<i<n,l<j<m 

We also allow that any coefficient of a matrix take +00 value. A n x n real matrix M is said 
to be a oo-positive if 

M = Mi + (v - c)M 2 

for some positive n x n matrix M±, some semi-positive n x n matrix M 2 and some non-negative 
real number c. We note that M\,M 2 and c are not unique for any oo-positive matrix M. 

Lemma 4.5. Let M = Mi + (u$ — c)M 2 be a n x n co-positive matrix. 7/rank(M2) = k for 
some k £ [0, n] then 

k 

det(M) = ^Cjfg with c k > 0. 

i=0 

Proof. It is obvious. □ 

Therefore, the determine of oo-positive is not zero. We also observe that a positive matrix is 
always cx>positive and a non-positive symmetric real matrix can not be oo-positive. 



Lemma 4.6. Let n,g be positive integers such that n > g(g + l)/2. Let B be an open set in 

n 

(C n , (z±, ■ ■ ■ , z n )) containing (0, • • • ,0) and let B* := B \ [j Bi where Bi := {z-i = 0}. 

i=i 

Let M(xi, ■ ■ ■ ,x n ) be a g x g logarithmical positive matrix function on B* with n real 
variables x\, ■ ■ ■ ,x n ,, i.e., by definition M must satisfy the following two conditions : 

• There are n nonzero semi-positive symmetric real g x g matrices E±, ■ ■ ■ , E n such that 

n 

M(xi,--- ,x n ) = ^XjEj; 

i=i 

• M(— log • • • , — log \w n \) is a positive matrix at every point (w±, • ■ • ,w n ) G B*. 

Let S(x\, • • • ,x n ) := det(M(xi, • • • , x n )). Let i be an arbitrary integer in [l,n]. We have : 

1. M(— log • • • , — log \w n \) is a oo-positive matrix at any point (w\, • • • ,w n ) G B. 

2. degj S = rankSj, and 

S(xi, • • • , x n ) = Si(x±, ■ ■ ■ Xi ■ ■ ■ , x n )x^ cg ' S + terms with lower degree of Xi 
where Si(xi, ■ ■ ■ X{ ■ ■ ■ , x n ) is homogenous polynomial of degree g — degj S with n — 1 variables 

•Eli ' 1^—1)^+1)"'" i-^n- 

3. There exists a positive number a and a (g — rankEj) x (g — rankE'j) logarithmical positive 
matrix function Mj(xi, , x n ) on B* := Bi\ [j (Bi n B m ) such that 

Si(xi, • • -xi • • • ,x n ) = adet(M (i) (xi, • • • • • • ,x n )). 

Moreover, MW(- log \w\\, ■ ■ ■ — log \wi\ • • • , — log \w n \) is a oo-positive matrix at any point 

(wi,--- ,w n ) £ B. Ln particular, Si(— log |^i|, • • • — log \wi\ ■ ■ ■ , — log\w n \) is never zero at 
any point (w±, • • • , w n ) G B. 
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4- Let i G [1, n] be an integer and let B* := 5j\(J • ^ Bj. Let Q G • • • , x n ] be a homogenous 
polynomial with degj Q < degj S such that 

Q = Qi(xi, ■ ■ ■ Xi ■ ■ ■ , x n )x^ egl + terms with lower degree of Xi . 

where Qi(x\, ■ ■ ■ X{ ■ ■ ■ , x n ) is homogenous polynomial with n—1 variables x±, ■ ■ ■ , a^-i, • • • ,x n . 
Define a function A(z\, • • • , z n ) := (Q/S)(— log \z±\, ■ ■ ■ , — log \z n \) on B*. 

a) 

J(w 1 ,--- , 0, , ••• ,w n ) := lira (Q/S)(- log \wi\,--- , — log — ,-\og\w n \) 

i 

exists as a finite real number for any point (w\, ■ ■ ■ > v _0_^, ' ' ' > w n) G B*; 

i 

b) the function A can be extended to a continuous function A on B* U B* , where 

A(wi, ■ ■ ■ ,w n ) 

A(wi, ■ ■ ■ ,w n ) (wi, ■■■ ,w n ) G B*, 

J(wi,--- ,Wi_i,0,w i+ i,--- ,w n ) (wi,-- - ,Wi_i,0,w i+1 ,--- ,w n ) G B*; 

c) Rest j (A) := A\b* is a smooth function on B*. 

Proof. 1. It is sufficient to show that M(— log |u;i|, ■ ■ ■ , — log \ w n \) is a oo-positive matrix at any 

n 

point (wi, ■ ■ ■ ,w n ) G (J {wi = 0}. 

i=i 

Let A be a subset of {1, • • • , n}. 

Let (wi, ■ ■ ■ ,w n ) be a point in (J {wi = 0} such that < Wl , ^' \ ^ ^ . We define a 

i=i ' [ w i T u , i € A 

system of points {(u>i(e),--- , w n (e))} eeR+ given by j _ ^ ! ^ ^ . It is easy to 

check that there is a positive eo < 1 such that (u>i(e), • • • , w n (e)) G B* for Ve G (0, eo]. 
We always have 

M(-log|iOi(r)|,--- , -log|u> n (r)|) = M(- log |^i(e )|, ■ ■ ■ , - log |w/ n (e )|) 

+(- log r + log e )(J2 Ei) 

ieA 

for any sufficient small real positive number r. Since M{— log | wi (eo) | , ■ • ■ , — log |u> n (eo)|) is 
a positive matrix as (itfi(eo),--- ,w n (eo)) G B* and X^jgA B% is a semi-positive matrix, we 
obtain M[— log \w\\, • • • , — log |u> n |) is a oo-positive matrix and 

M(-log|u>i|,--- ,-log|io n |) 
= M(-Iog|«;i(eo)|,--- . - log K(e )|) + (u - log -)(V] Ei). 

2. We prove the second and the third statements in this lemma together. By the symmetry, it 
is sufficient to prove all statements in case of i = 1. 

Since E\ is semi-positive symmetric and nonzero, E\ is diagonalized by an orthogonal 
matrix O such that 

( Ai • • • \ 
■■■ : : 



: ■•. 
V • • • X g ) 
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with 

Ai > A2 > • • • > Xk! > = Afe 1+ i = Afc!+2 = • • • 

where k\ = rank£i . 

Then, we have O t MO = xidiag[Ai, ■ ■ ■ , A fcl , 0, • • • , 0] + £™ =2 XiO T EiO and 

n 

S = det(xidiag[Ai,--- ,A fcl ,0,--- ,0] + ^ j x i O T E i O) 

i=2 

= Pkt(x2,--- ,Xn)(Y[ Ai)^ 1 + S ^ J Pk 1 -i{x2, - ■ ■ ,x n )a kl -i{\i,--- ,\ kl )x^~\ 
1=1 1=1 

where each Pi(x2, • • • ,x n ) £ R[a;2, ■ ■ • , x n ] is a homogenous polynomial of degree g — i and 
each a,i(yi, ■ ■ ■ , y^) £ K[yi, ■ ■ ■ , y kl ] is a homogenous polynomial of degree i. 

For any 2 < j < n, we define to be the (g — k\, g — k\) matrix by deleting rows 
1, • • • , ki and columns 1, • • • , ki of the matrix T EjO. So all E^ are semi-positive. Let 

n . . 

M ( - 1 \x2, ■ ■ ■ ,x n ) := ^2 XjE] . Then, M^\x2, ■ ■ ■ ,x n ) is the (g — k\,g — k\) matrix by 
3=2 

deleting rows 1, • ■ ■ , k\ and columns 1, ■ ■ ■ , k\ of the matrix T M{x\, • • • , x n )0, and 

P kl {x2,--- ,x n ) = det(M«(x 2 ,--- ,x„)). 

At any point (w±, ■ ■ ■ , iu n ) G B, M^\— log |iU2|, • ■ • , — log \ w n \) is a oo-positive (g — ki,g — 
ki) matrix since O t M(— log \wi\, ■ ■ ■ , — log |w n |)0 is a oo-positive (g, g) matrix by the first 
statement of this lemma. 

Let (0, w 2 ,--- ,w n ) £ B\ be an arbitrary point. For any sufficiently small t / 0, the 
point (e, W2, ■ ■ ■ , w n ) is exactly in B* , and so T M{— log |e|, — log ■ ■ ■ , — log |w^|)0 is a 
positive matrix. Then M^\— log |u> 2 |, ■ ■ • , — log \w n \) is a positive (g — rankE'j) x (g— rankEj) 
matrix. Thus M^> (x2, ■ ■ ■ , x n ) is a (g — rankE'j) x (g — rankEj) logarithmical positive matrix 
function on B\. 

Therefore, P kl (— log \u)2\, ■ ■ • , — log|w n |) is non zero at any point (w\,--- ,w n ) £ B by 
the statement (1) of this lemma. In particular, we have that P kl (x2,--- ,x n ) is a nonzero 
polynomial and deg 1 S = rankE^. 

3. See the proof of the statement (2). 

4. Let (wi, • • • j^O^j " " " > w n) G B* be an arbitrary point. (w\, ■ ■ ■ ,U, - ■ ■ , w n ) is in B* for all 

i 

t i 7^ with sufficient small We have that 

(-log ItiD^i s 



A(wi,--- ,U--- ,w n ) = 



S(-log|u;i|,--- , — log |**| - - - , -log|io„|) 
5(-log|«;i|,--- , — log — , — log 



- log \U\) dc ^S 

for any sufficiently small U £ C*. Since both 

r (-log|t t |) des ' S ^ 

nm 7v — ; — i — i ; — rn ~i — i iT < 00 

t»-»-o log |wi|, ■ ■ ■ , — log |*»| - - - ,-log|u> n |) 

and 

Q(— log |«7i|, - - - , — log " " " ,-log|w n | 
hm — ; — —, J < OO 

U^o (- log \U\) de ^s 

exist, J(zi, • • • , , • • • , z n ) is well-defined on B*. 
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It is easy to check that for any p £ B*, there is a neighborhood V p of p in B* U B* such 
that A(z±, • • • , z n ) is continues on V p . 
Moreover, we have 

Restj(^)(u7i, • • • , () , ••■ ,w n ) 

i 

{ 0, de gi g<de gi 5; 
1 §f(- lo gkil> log|wi| ••• , — log degj Q = degj 5. 



Thus, Restj(A) is a smooth function on B* . 



□ 



4.2. Behaviors of logarithmical canonical line bundles. Let t{j = (— det(Tjj) be the 
(i, i)-th cofactor of {T^-) where Tj.j is a (iV — 1) x (iV — 1) the matrix that from deleting row i 
and column j of the N x N matrix (Tfj)- 

Let if j j be the {N — 1) x (iV — 1) the matrix that from deleting row i and column j of the 
N x N matrix (-fQj). Let kij = (— de^-KTjj) be the (i, j)-th cofactor of the matrix (Kij). 
For all pair with 1 < i, j < N, we define (N — 1, N — 1) simple forms 

l<fc<Af 

dw^Adw" A dw%Adw%, i / j; 

l<fe<Af 

/\ <iw£ A dw^, i = j. 

ByiX2 we obtain (<991og c&X" 1 = (JV - l)!(E£ik,i«K " Ei|f-^,i^)- 

Lemma 4.7. Let X be a n- dimensional complex manifold of and D a simple normal crossing 
divisor on X. Let uj^ be the Kdhler form of a Hodge metric h on X := X — D. Let p a point in 
X with a coordinate chart (U, (z%, ■ ■ ■ , z n )) such that 

UHX = {(*!,••• ,zi,---z n ) | 0< \zi\ < l(i = 1, - - • Z), |jk,-| < l(i = / + l,--- ,n) }. 

W^e /iat>e i/iai Iw^l < C , (J3 i=1 — log iTi the coordinate chart {{z\,--- ,Zi,--- ,z m ) 10 < 

|zj| < r(i = 1, • • ■ < r(j = Z + 1, • • • ,m)} of p for a suitable r > 0, where C,M are 

positive constants depending on r. In particular, the form OJh has Poincare growth on D. 

Proof. This is a direct consequence of Hodge Theory (cf.[Sch73j,[CKS86]). One also can see a 
detailed proof in Section 1.3 of |Y-Z2010| . □ 

Theorem 4.8. Let T C Sp(g,Z) be a neat arithmetic subgroup and Xj a T$ (or GL(g,Z))- 
admissible polyhedral decomposition o/C(3o) regular with respect to T. Let A 9: r be the symmetric 
toroidal compactification of «4 s ,r := £jg/T constructed by £# . 

Assume that the boundary divisor Dqo := A 9t r \A 9t r is simple normal crossing. Let Di be an 
arbitrary irreducible component of -Doc,. The intersection number 

D i -{K^+D oo y* B * A <>*- 1 = Q 

if one of the following conditions is satisfied : (i) g = 2, (ii) Di is constructed from an edge pi 
in Sgr min for some minimal cusp 3mi n such that Int(pj) C C(3mi n ). 
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Proof. Let || • ||j be an arbitrary Hermitian metric on the line r (Di) and let Sj be the 

section of O-^ T {Di) defining D{. Since ^^-dd^g^ represents K-^ r + Dqo in cohomology 
class (cf. [Mum77j ) . we have : 



(K-j r + D c 



\dim c A„ ,r-l 



lim 



-1. 



l im _(^^)^ 
e^O V 27T ' 



A,,r-Ax>(e) 



1 ,%/ 3 T. 



2V 



lim — ( , 



(ddQgp)"' 1 Ad(d-d) log\\ Si 



lim — — CV_i 

e^O 4"7T 



(aa^r)^- 1 A(a-5)io g || Si 



9A»(e) 



Let (?7 a , , • • • , Wjy)) be an arbitrary local coordinate chart such that DiC\U a = {wf = 0}. 
We write \\si\\i = h a (w)\wf | 2 on U a . Then, 



C N „i(dd$ a )»- 1 A (d-d)\og(h a (w)\w. 



a\2\ 



[ c N ^{dd^ a ) N - x a {2 V / ^Tim(aiog K|) + (a - a)i og /i Q H} 



2 V /r lIm(C7 Af _i / a log |<| A (dd^af- 1 ) 



+C N . 



9D 00 (e)n(7 a 



{dM^- 1 a (a — a) log ha (w). 



As we have shown in [Y-Z2010] . the tangent bundle of ^4 g ,r is a sub holomorphic bundle of 
some Hodge bundle on »4 5i r and the Bergman metric is compatible with the Hodge metric, so 
that 



(4.8.1) 



lim 



{dd$ a ) N - 1 A (d-d) log h a {w) = 0. 



8D x (e)nU a 



by the estimate in the lemma |4"7T1 Note that we also can use u>b has Poincare growth on to 
get the equality l4.8.1f cf.Proposition 1.2 |Mum77| ). 

On U* :=U a \D oo, we have 



1 



(JV-1)! 
dwf 



a log \ w f | a (aa log $ Q ) 



2V-1 



h.i—r- A y\ du>^ A du^ 
dw" 



l<~m<N,m=£i 1 l<l<N,l=/=m 

Let Tj(e) be the tube neighborhood of {wj = 0} in U a for j = 1, • ■ ■ , iV. Since 

dw£ A dwf = on dT k (e) := {\w%\ = e}, 
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then 

/ dlog\Wi\ A (3d log ^a)^ 1 

N 

\N-1 



V/ aiog|<| a (as log $ Q ) 7 



j=1 "dT j (e)ndD 00 (e) 

= (N-l)\[ %d<A /\ dw^AcEJg 

-f(iV-l)! V I ^dw« A A dwfAchJf. 

l<j<N,j^i J&T ^ ndD ^ Wi 1</<JWj 

Since V - lSt^a has Poincare growth, the above integral is bounded uniformly on e. 
For any integer j G [1, TV] with jf 7^ i, we have 

hiA - ( -t)N-l( 9 +1 ^n-i 



iij(log|iof|,--- , log |^| 



w i (ni<Kjv,^ |<| 2 )(F«)2(^-i)(iog ki, • • • , bg K|) 

where ijj = (— l)*" 1 "- 7 det(Tjj) is the (i, j)-th cofactor of the matrix (7} jm )i</ jm <Ar. 
The lemma l4~3l says 

de gi Uj < 2(N - 1) de gj F-lVj^i, 

we then get 

(4.8.2) lim / ^dw? A A dwf A dwf = Vj ^ i. 



on dT j (e)ndD OQ (e) 



l<l<N,tyj 



by using the generalized Cauchy integral formula and the Poincare growth of (dd& 
Also, we have 



\N-l 



/ , sN-1/ 9 + 1 sJV-1 
U7« 1 J 1 4 J 

on dTj(e) n oD^e) 



(Ul<l<N,^i hf| 2 )(^) 2 ( Ar - 1 )(log K|, • • • , log |«#, 



where t^i = det(X^) is the (i,i)-ih cofactor of the matrix ^Ti,m)\<i, m <N- 
Let di = degj F a [xi, • • • ,xn]- We can write 

F a = P(x u --- ,Xi,--- ,x N )xf + -- - , 

where P is a homogenous polynomial in R[a?i, • • • , Xi, ■ ■ ■ ,xn] of degree g — di. 
For any integers I, m in [1, N] \ {i}, we define Ai jTn := PPi m — PiP m , where 

P - d2p p-^L 

r lra • n > r I • 

OXldXm dxi 



2(N-l)di 



We get a (N — 1) x (N — 1) matrix (A,m)z,me[i,-/v]\{i}- Then, the coefficient of the term x i 
in ta is just det(j4; m ). Again using the generalized Cauchy integral formula and the Poincare 



THE GEOMETRY ON SMOOTH TOROIDAL COMPACTIFICATIONS OF SIEGEL VARIETIES 
\JV-1 



57 



growth of (dd&a) , we have 



lim 



1 



k 



a dw?A /\ dw^Adw c ri 

e-0 27TV-1 JmUnBD^e) W\ ^JJ^ 



det(A i)m )(log|iof|,--- ,log|u;f|,--- ,log|u;^|) A dw^AdW^ 

l<m<N,m^i 

'{<=0} {R^lKN^iHl^PW-Viloglwfl--- ,logl<|,--- „log|«#|) 

Therefore, we obtain 
1 ,y/ = l. 



lim — (- 



x lim 



(dd®^)"- 1 a (d-d) log 



SD 00 (e)nJ7 a 



4vr ^0j dDoo{e)nUc 2ir 



-1 



(^^^-^(a-^iog^HKi 2 ) 



— Im( lim 



91og|<| A(^59$ Q ) 7V - 1 ) 



dAx,(e)nt/ Q 



2tt 



v ^o v 2vr ; 



2tt 



(-l)"(jV-l)!(^) 



h- ■ 



0D oo (e)nT i (e) ^ 



dwf A /\ d< A dUjg) 



l<m<N,m=£i 



{wf=0} 



det(PP lm -P l P m ) n — 
(logKI,--- ,log|<|,--- , 



log \w%\ 



l<m<N 

A (^<A<£e) 



n 



Ki<JV,l/i \ w l 



a\2 



In all conditions(i),(ii), the polynomial P never takes zero value and det(PP; m — PiP m ) is 

□ 



flu 



always zero by the lemma H~61 
Remark. Recall that there is a commutative diagram : 

Wij ;:=exp(2iry r ^lz ij ) 

C 



io 9 /r n ^(Q) 

By the lemma [476], we can write 



(C*)s(s+l)/2_ 



F a (xi, • • • , xjy) = Si(xi, ■ ■ ■ , Xi, ■ ■ ■ ,XN)x^ e&1 F + terms of lower degree of x-- L 
for any integer in i G [1, N\. Here Si{x\, ■ ■ ■ , aTj, • • • ,xjy) is a nonzero polynomial and 

^(logl^il,-- - , log |-wf |, • • • , log |^|) 
is never zero on any point (wf, ■ ■ ■ , w") in U a . 
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4.3. Calculation on intersection numbers and non ampleness of logarithmical canon- 
ical bundles. Let d be an integer with 1 < d < N — 1. Let D\, ■ ■ ■ , A be d irreducible compo- 
nents of the boundary divisor -Dqo- For each integer i £ [1, d], let || • ||j be an arbitrary Hermitian 
metric on the line r (A) and let si be a global section of r (A) defining A- 

Now we study the intersection number (K-^ r + D OQ ) N ~ d ■ A ■ ■ ■ A- 

We have : 



(Kjr +D OQ ) N - d -D 1 ---D d 



= lim 








= lim 


-c u 


€->0 




= lim 


Cjv. 







T _ d 

dd$ gtT ) N - d A /\ Cl ((D^ (A), || - Ik) 



2vr 



^ 9 , r (A),||-||i))A051og|| Sl || 1 
f (dd<S> g} r) N - d A(A c x (0^ (A),||-||i))Ad(a-9)log||si||i 



<2 



'11- 



--&mjL±C N - d l (S^/^AfAd^ (A),||-||i))A(5-a)log|| ai 

Let (A,, («)], • • • , tOjy-)) is be a local coordinate chart from toroidal compactification as 14.1.11 
such that DiC\U a = {wf = 0}, and 

JV 

U*:=U a -(J{w« = 0}. 

i=i 

We write ||si||i = h a (w)\wf | 2 on U a . By the estimate in the lemma W7I\ we get 

lim^C^-d / p 9i r)^A(Aci(^ r (A), 1 1 • ||i)) A (5 — 5) log ||si||i. 

e^o 4vr JdD ca (e)nu a ; = 2 

= ^lm(C N . d lim [ dlog\w?\A(dM a ) N - d A(/\ d(<^ r (A), || ■ Hi)))- 



i=2 



We now use [ii, • • • , ij] to mean a /-tuple (ij, • • • with 1 < i\ < «2 < • • • < H < N, and 
we say [ii, • • • = [ji, ■ ■ ■ , ji] if and only if i k = j k \/k = 1, • • • , /. For any [ii,i 2 , ■■■ let 
31, ■ ■ ■ Jn-1 be integers in {1, • • • , N} \ ■ ■ ■ , i t } satisfying 1 < ji < j 2 < ■ ■ ■ < j N -i < N, 
define 

[*i>-- - : = [Jir-- Jn-i\- 
So [ii, • • • = • • • Ji)° if and only if [ii, • • • ,i t ] = ■ ■ ■ ,j t ]. 
For any /-tuple [ii, ■ ■ ■ , we define a simple (I, £)-form on U a 

:= ( d < A ' ' ' A d O /\( d Wi A " " " A drift. 

For a N x N matrix A = (Aij), we use A^J to mean a (JV — d, N — d) matrix by deleting 
rows , irf and column ji, • • • Jd of the matrix ^4 = (Aij), and we define 

ffi-M = (_i)ELife+i fe ) det(j4 ^-^). 



THE GEOMETRY ON SMOOTH TOROIDAL COMPACTIFICATIONS OF SIEGEL VARIETIES 



59 



Consider the N x N matrix K = (TQj) related to the equality 14.1.21 we have 

1 -(dM a ) N - d 



(N — d)! 

^ [ji,- >ijv-d]=[ni— [u.-,id]^b'ii- Jd] 

lh,-, id] l<l<N-d [h,-,i d ],[h,-J d ] 

and we get the following equality on dD OQ (e) n ?7 Q : 

V CM2.--.v1] 1 i</<w-rf 



[1,12,- ,Td]^[lj2,- ,jd] jf[l.»2>- .*d] 
[l,l 2 , ••• ,«d],[lj2,- ,jd] 



4- V L ^Pjigriiid] , a A [l,» 2 ,-,»d]° 



ii 

ji^l glhii,- Ad] 



y ± "bv-,id] dw?Au ^,---MV 



[1,12,- ,id],b'i.- ,3d] 



111 

We note that 7, 77 and //I are smooth forms on dD^e) n 

Let 2}(e) be the tube neighborhood of {wj = 0} in U a for j = 1, • • • , N. When j > 2, it is 
not necessary that Dj nU a = {wk = 0} for some k. However {wj = 0} C Vj. We note that 

N 

dDoo(e) n U a = [j dD^e) n 92} (e). 



Lemma 4.9. 7e£ r\ be an arbitrary smooth (d — 1, d — 1) /orm on *4. 5) r- ^ e have 

lim / 7 A rj = 

J dD^ndT^e) 



for any integer k E [2, iV]. 
Proof. Since 

dwgAdii5g = on dT k (e)(= {\w%\ = e}), 
we get 7 = ^ 0([l,*2i • • -id]) on <9T fc (e), where 

[1,«2,- ,id],k€{ii,- ,i d } 

r a N-d 

*([i, i 2 , • • • *]) := £^ a A («K A «K) on dT ^ 

1 i=l 

with - - - ,jN-d] = [!,••• _ 

On the coordinate chart (U a , (wf, • • • , w^)), we write ?7 = c^/J where each eg is a smooth 
function on U a and each r)a is a simple (d — 1, d — 1) form given by the wedge product of some 
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dwf's and some dw^s with coefficient 1. It is sufficient to prove the equality 



lim/ 0([M2, ■ ■ -id]) A cprjp = 

JdDootfndTkie) 

for any 7-tuple [1, Z2, ■ ■ ■ id] satisfying k G {^2, • • • , id}, any simple (7 — 1, d — 1) form rjp with 
coefficient 1 and any smooth function cp on U a . 

Let be an arbitrary simple (7 — 1, d— 1) form with coefficient 1 and c^g an arbitrary smooth 
function on C/ a . We may require that r\p contains no dwf and contains neither a form like dw? 
nor a form like dwj m (otherwise ^2, • • • id]) A 77^ = 0). Since A r]p is a simple (iV, TV — 1)- 

form with coefficient 11 '^' a '' dl , 773 must contain dw%. We also require that 77^ does not contain 
dw*j* (otherwise, 77,3 = on dTk(e)). Then, rip contains dwf and 

9([l,i 2 ,---id]) A 

= ± %'^ AJ V iA AW A,fi ?) A A on flT* 

1 i=2 j=fe+i 

Since (dd& a ) N ~ d is a (TV — d, N — d) form of Poincare growth, there is a small neighborhood 
Vq of the origin point G U a such that 

l^hf''"'- d il < —fra 011 ^0 n 17* 

niJ=?Ki 2 oogKi) 2 

where C is a constant depending on Vq. It is well-known that there is 

r-A 



for any real numbers A, n > 0. Therefore, we have 



l' A dr 
lim e( / — = 

->o+ 7 e r(logr)^ 

refore, we have 
/ 9{[l,i 2 ,---i d ]) hcpr/p = 0. 

JdD^ndTkte) 



lim 

/a J D 00 (e)nar fc (e) 

□ 



Lemma 4.10. 7ei 77 &e an arbitrary smooth (d — 1, 7 — 1) /orm on A,,r- M^e /iave 

lim / 77 A 77 = 

e ^%D 00 (e)n9r fc (e) 



/or any integer k G [2, iV]. 

[1,»2,- ,»<d^[lj2,- Jd 

[1,J2,— JdJ 



Ptoo/ We can write 11 = ' ±9\\' i2 'J id \ , where 



[l,»2,-,id],[l,j2,-,Jd] 

^[1,12,- ,id] . = ^[M2,- ,i d ] » [1,»2,- M° 

[lj2,-,Jd] [l,J2,-Jd] 2^ [lj2,"-,jd]°' 

Since 7u^ A dtt^ = on dTk(e), it is sufficient to show 

lim / 0r [ !'! 2 ''"'! d] 1 Aot =0 

for any simple (7 — 1,7—1) form 77^3 with coefficient 1, any smooth function eg on J7 Q and any 
two 7-tuples [1, i 2 , ■ ■ ■ , id], [1, J2, ■ ■ ■ , Jd] satisfying 

(!) [1,« 2 ,--- 7^ [1,72, ■ ■ ■ ,3d] and G {i 2 , ■ ■ ■ ,id}[_){32, ■ ■ ■ , ici}- 
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Let r]/3 be an arbitrary simple (d — l,d — 1) form with coefficient 1 and cp an arbitrary 
smooth function on U a . Let [l,i2, ■ ■ ■ ,id], [1, J2 7 • • • ,3d] be two arbitrary d-tuples satisfying the 
condition (!), and let [i d+1 ,--- ,i N ] = [1,12, ■•■ ,id]° and \jd+i,-" >3n] = [1,^2,- •• Jd]°- So 
id+i > 2,j d +i > 2 and ob*'" ><*] = K^'^M A uf d+1 '-' iN \. 

We can require that the simple form 77/3 contains no dw" and contains none of 

{dwf , • • • , diof„} I \\dwf, dwf~, ■■■ , duff} 
(otherwise 0&* 2 .' A 77^ = 0)- There are three cases : 

• k G {i 2 , • • • ,i<f} n {j 2 , • • • , 3d} ■ Then fe ^ {id+l, ••• ,iiv} U 0<f+i, • • • , jjv}- Suppose that 
jj d ^ A tj^ is a nonzero (N,N — 1) simple form. Then 77^ contains du^ by that k ^ 
{id+l,""" , *iv}- We may require that r]p contains no dwj* (otherwise 77 = on dTk(e)), and 
then 77^3 contains dwf. Since ^ {jd+i, • • • , Jat}, we have 

r [ !' i2 '- '**> A% = iM 1 '* 2 '"' > id ]dw2 A A A ( A dwf A dwf) A ( A d< A dwf). 

[1,32,— ,3d] IP [1,32,- ,3d] * 27/)? '\ ' '\ ' 



2u; 

As fe ^ • • • ,7tv} U • • • Jn}, we obtain 

bi>- .id] 



1 i=2 fe+1 



e-+Q 



by the Poincare growth of the form (dd& a ) N d . 

k G {i 2 , • • • ,id} but fc ^ {j 2 , ■ ■ ■ ,jd} ■ Then, k G {jd+i, • ■ ■ , jjv}, and so 

G {j2, • • • \ {*2, • • • , id} : Then k G {id+l, • • • , «a} but k g {jd+ir • • , Jjv}. We require 
that 77^3 does not have cZu;^ (otherwise 0y'^ 2 '. .y^ A 77^ = on dTk{e) by k G {id+i, • • • ,ijv}), 
and so 77^ has dwf as jd+i > 2. Thus, we get 

/}[l»t2,-,id] 



± 



(- 5 -l)^det(^... v] 



4 iV-d( n ^)( TT x^)( J FO)2(JV-«0(I og | w a| ) ... ,logK|) 
d+l<l<N l=d+l 

x ^ A ggL^ggi A ( /\ d<d A <) A ( /\ d<Ad<)onST fe (e). 

fc 1 «=2 i=fe+l 

Since fc G {jd+i, ■ ■ ■ , j^} but A; ^ {id+i, • • • , in}, we have 

deg fc det(^ 2 2 ;:;jj) < 2(N - d) deg fc F a - 1. 
by the lemma R~3l Therefore, we obtain 



N-d 

a) 



by using the generalized Cauchy integral formula and using the Poincare growth of {dd§ 

□ 



62 SHING-TUNG YAU AND YI ZHANG 

Lemma 4.11. Let 77 be an arbitrary smooth (d — 1, d — 1) form on Ag t r- We have 

lim / III A r] = 

e ^%D 00 (e)naT fc (e) 

/or any integer k G [1, AT"]. 



fee{l,i2,-,id}U{j'i,-,j d } 

Proo/. Since dw%Adw% = on 0T fc (e), 7/7 = £ ±6>£ l2 /;'Vj dJ on 5Tfe ( e ) where 

[l,i2,-,id],b'i>-,Jd]j'i^l 

e [l,i2,- . = ^-[l.ia,- A [1,- .id] 

b'i>-Jd] ' b'i>---Jd] 210" b'i>-Jd]°' 
As ji / 1, we must have - ■ ■ , jd]° = [!>■■■] and so 

J/J = on STi(e). 
Now we suppose that k > 1. It is sufficient to show 



J dDn(e)ndTu(e) U1 ' ' Jdl 



lim 

e ^-° JdD^ndTkie) 

for any simple (d — 1, d — 1) form 77^ with coefficient 1, any smooth function cp on ?7 Q and any 
two d-tuples [l,i 2 , ■ ■ ■ ,i d ],[ji,--- ,3d] satisfying 

(!!) ji^l and k G {l,i 2 , ■ ■ ■ ,id} U {ji, ■ ■ ■ ,j d }. 

Let be an arbitrary simple (d — 1, d— 1) form with coefficient 1 and an arbitrary smooth 
function on ?7 Q . Let [1,72, • • • ,id], [ji, • • • ,3d] be two arbitrary d-tuples satisfying the condition 
(!!), and let [i d+ i,--- ,%n] = [1,«2,--- ,U]° and [l,j d+2 ,--- Jn] = ,jd]°- Then, we get 

^"-/r'^E^'/r' ^^ A a d < A a <k- 

1 Z=cZ+l l=d+2 

We can require that the simple form 77^ contains no dwf and contains none of 
{dwf d+1 dwf N }{J{dwf, d^, • • • , d^} 

(otherwise 2 .'.'jj d ' A ^ = 0). There are three cases : 

• k G {1,72,- •• ,*d}n{j'i,--- : So fc ^ {7 rf+ i,--- ,7at} U {l,j d+2 , •• • ,jjv}- 

Suppose that 0^/ 2 ' "V^p A 77,3 is a nonzero (N, N — 1) simple form with coefficient [n 2w a d] ■ 

Then 77^ contains dw% by k ^ {id+i, • • • , 7jv}- We may require 77^ contains no dt«^ (otherwise 
77 = on dT k {e)). Since k {l,j d+2 , ■ ■ ■ ,j N }, we have 



k-l N 
m = ±K^;;^dwt A ^3,^1 A ( A A d<) A ( A dwf A d<). 



b'i,-J'd] 'p b'i,-J'd] fc 2tt;? 

1 Z=2 fc+1 

Then, 



, / e[ it 2 '-ji d] A w = 

1 JdD^(e)ndTJe) UU Udl 



lim 

J dD^ndTkie) 

by fc ^ {Wi) " " " >*iv} U {l,jd+ 2 , ■ ■ ■ ,Jn} and the Poincare growth of the form (dd$ a ) N ~ d . 
• k G {1, 72, • • • bur fc ^ {ji,-- - : So fc G {l,jd +2 ,--- ,3n}, and 7 d+ i > 1. Then, 
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k G {ji, ■ ■ ■ ,jd} but k £ {l,i 2 , ■ ■ ■ ,id} ■ So k £ {id+i, • • ■ ,«a} but k {l,jd+2, ■ ■ ■ Jn} and 
i d+1 > 1. We require that T]p does not have dw^ (otherwise Oy'^ ' A 7^ = on 0T fc (e)). 
Then, we have 

4 iv-rf( n ^ )( rj w-)(F«) 2 (^)(logK|,--- ,logK|) 

d+l<l<N l=d+l 
flm a A din** * a 

x -£ a v a A ( A dw * A d <) A ( A d < A d <) on dT ^- 

k 1 i=2 i=fc+l 

The lemma S3] says that 

Therefore, we obtain 



deg, det(T^j dl ) < 2(iV - d) deg fc F* - 1. 



if,', / ^i':;^ a <• ■'/ ■ = o. 



e->0 

\JV-d 



by the generalized Cauchy integral formula and the Poincare growth of (dd& a ) 



□ 



By the lemma FPU we can write 

F a (x\,--- ,XN) = S a,1 (x2,--- , x^x^ 1 F + terms of lower degree of x\ , 

where Si is a homogenous polynomial in M[xi, ■ ■ ■ , fj, • • • , acjy] of degree (<? — deg x _F a ). For any 
integers l,m in [l,iV], we define a N x N matrix A a {l) := (A a (l)i !m )l<l,m<N by setting 

i d 2 S a ' 1 dS * 1 dS ' 1 



(4.11.1) A a {l\ m := S° 



dx\dx m dxi dx 



in 



^'■■■' id h is 



Lemma 4.12. TTie coefficient of the term det(Tj 
w/iere P := yl a (l). 

Proof. It is a direct consequence of the lemma POl □ 
We write the real (N — d,N — d)-form 

(4.12.1) c N ^ d (dd<s> a ) N - d = (n - dy. Yl 

[il,- ,id],L?l>- iid] 



with c [n '"'' 4d ] = ' u }. Each term in C N - d (dd$ a ) N - d can be written 

L?l )"" i3d\ 1*1)*** 

N 
i=d+l 

such that c\j^'.'.. ,% f d ] is the sign ± depending on (fo, • • • ,i d ], [ji, ■ ■ ■ ,j d ]), and 



C lh,-M _ c b'i>- >id] [ii>->»d] _ j 
b'i>-.id] [«>•••, »<j] ' [»!,••• )*d] 
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Lemma 4.13. Let P := A a (l) be a N x N matrix of polynomials given in Given a 

d-tuple [ai,--- , ay] where 1 < a%, ■ ■ ■ , ay < N, we always use N — d tuple [ay-fi, " " " , a N] ^° 
represent [a\, ■ ■ ■ ,a d ]°, where {a d+ i, ■ ■ ■ ,a N } = {1, • • • ,iV} \ {a\, ■ ■ ■ ,a d }. 

For any two d-tuples [1,12, ■■■ , id], [1, 32, • • • , jd], we define a rational function in M(x2, • •• , xjv) 

(413.1, teSSC.- •«) - ■■.,,„)' ■ 

and we define a real (N — d, N — d) form 

„ N N N N 

fe:£! : =^r« II A («K^+( n A « a 

Let n 6e an arbitrary real smooth {d— l,d — 1) /orm on -4. 9 .r- We /iaue : 



e->0 47T JdD^(e)nU„ 



'9Doo(e)n!7 a 

(_l)^+i(i+l)iv-rf (iV _ d)! 



X 



11 I J; 



N 

a 14 



[I,i2,-,id]^[lj2,- Jd] „ ^[l.»a,-,id] A 

[l,i2,-M],[l,i2,-,id] -^1-0} -pr |^» «.o 



« 7 .,a 12 

H 31 1 
Z=d+1 



where each c fc'...'jj ^ s a s *c/n defined in \4-12. f\J^.12.2 



Proof. For any two d-tuples [1, 12, • • • , i d ], [1> 32, • • • > jd], we have 

d< [i,i 2l ...,i d ] = c det( ^[M 2 ,---,i d K^i A A (d<A ^ } 



2 w a s [l,i 2l - M N d K [l,i2,- M > 2w? 



N 



^l A ^-'Y} = c^ 2 '---i d \c N ^ d det(KSf'---'Y\)^A A «Arf<). 

Since Cjq- d {dd^ a ) N ~ d has Poincare growth on Dqo, we get 

I det(id M2> -"' id !)| < on V n [/*, 

[W - Jd] n£*n(KHtogKI)(KI|log|t^|) 

where Vq is a sufficient small neighborhood of the origin point (0, • • • ,0) in U a and C is a 
constant depending on Vq. Thus, \ Mm^j dD ^ nU S([l,i2,--- ,i d ]) A 77 1 is finite. Moreover, we 

have 

aeHA [i,i2,-jd] j _ ±N-d N onoi^e) 

( EI <^)(F-)2(^)(log|<|,--- ,logK|) 

l=d+l 
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Using the generalized Cauchy integral formula, we obtain 
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lim/ p. A M Av 



N 



uN . d . C N-d A (dw^Adw^Ar, 

[-9-1) / A^-Mn^L.&i i™.i„„<*n 



^ J|uii=0| 



AT 

n K 12 



Z=d+1 



, (_ _iyv-d /■ ri . . , ^ [ !'- 2 ''"'- d i Ar? 

= 27TV /Z 1^ - ' C^'-Mn^U.W ... i„„|.,.an [M2,",*d] 



1^-/ n^^ : -] (l0gl<l '"--' l0gl ^ l): ^ 

J{U-1=0} , q,| 4 



and if [l,i 2 ,--- / [1,J2,--- ,3d] then 



ll im /" ^f Af [l,i2,-,i d ] [l^.-JJw 



_ c [i.w.-.*<d2 7rA /Zii_£ 1 ^ d f /jlMa.-.idln^i,,,?! ... i^i...a n 'W.-Jd] Ar? 



yv— d /• 



w=0} n i«i 2 

Z=d+1 



We then have : 



, CjV ~* lim /" aiog|<|A(aa* a ) Ar - d A?7 
(n- d)! ^oJ dDoo{e)nUa 

= C N - d lim / I Ar] + C N - d lim / II Arj 

J^Doo (e)nOTi (e) JdDoo (e)<ldT 1 (e) 



y lim / 



^ A [!,«,- , id] A „ 



[l,»2,-,id]^[l,J2,-,Jd] -. „ 7 (x 

[M2,-,id],[lj2,-Jd] JdD^ndT^e) 1 



Therefore, we obtain 
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l im XlAc N - d [ (W 9 , r ) Ar - d Ar ? A(a-5)log|| Sl || 1 . 
^Im^-dlim f aiog|<| A(dd$ a ) N - d A V ). 



{ _ 1) N- d+ l { 9+] L) N- d{N _ d) 



1 io ... A 7 



{ E / fe:;;1(iogKi,---,iogi<i)^^ 
ii.fa,-.M- /( "" =0} n Ki 4 

Z=d+1 

[l,i 2 ,- ,id\¥=[h32,- Jd] , filhil," M A 



l=d+l 



[l,i2,-,i d ],[lj2,-J d ] ^{^i-O} -Q 

1 * "" 

□ 

We have the following generalization of the theorem 14.81 



Theorem 4.14. Let T C Sp(p,Z) 6e a neat arithmetic subgroup and E^ a r^for GL(<?, Z)j- 
admissible polyhedral decomposition o/C(5o) regular with respect to V. Let A g< r be the symmetric 
toroidal compactification of A g> r '■= fig/F constructed by S^ . 

Assume that the boundary divisor := A g ,r \ A 9) r is simple normal crossing. Let d be an 
integer with 1 < d < dime A 9t r — 1< Let D\, ■ ■ ■ , D d be d irreducible components of the boundary 
divisor D^. For each D{(\ < d < dimc-4. 9 ,r — 1)> let \ \ • \\i be an arbitrary Hermitian metric on 
the line bundle (Di). 

There is 

(K^ gr +D OQ ) di ^ A ^- d -D 1 ---D d 
= (^f^A gX -d I Rest A ((^ ff , r ) dimC ^' r " <i )A( \ Cl (0^ T {D 3 l\\.\\ 3 )) 



for any integer i £ [1, dime -4 9i r], where the operator Rest^ is defined in \4-2.1 
Moreover, the intersection number 

(K^ + DoQ )^cA g , r -d . Dl ... Dd = 

if one of the following conditions is satisfied : (i) g = 2; (ii) there is a Di £ {D\,--- , -D^} 
constructed from an edge pi in Ej min for some minimal cusp 5min such that Int(p) C C($ m i n ). 

Remark. Let p = M>o-E be an edge in £g- where E is a semi-positive gx g matrix with rational 
coefficients. By the lemma [2.16[ if rank(-E) ^ <?(i.e, Int(p) C C(3x>)) then rank(.E) = 1. 

Proof. Using the proposition 14.21 we can get the integral formula for i = 1 immediately by 

d 

putting n := A c l(°A T ( D j)A\ ■ Hi) into the lemmas K9\ QUI liTTl Q31 □ 

i=2 9,r 

The theorem 12.211 and the corollary 12.251 in Section 2 imply the following claim obviously. 

Claim * :Let D\, • • • , D d be d(d < dime A 9t r ) different irreducible components of D^. We have 
d 

that P| Di ^ if and only if there exists a minimal 

i=l 
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Cmax in the polyhedral decomposition S^ min := {cr a } a of the convex cone C(3mm) such that each 

d 

Di corresponds to an edge of <7 max . Moreover, if f] Di ^ then every local chart U a in \4-l-l 

i=l 

d 

satisfying U a D P) Di ^ is constructed by a top- dimensional cone cr max in Sj min for some 
i=l 

minimal cusp Sminj so that each Di corresponds one-one to an edge o/cr max . 

Lemma 4.15. Let p be a positive integer in [1,N]. Let Di,Dj be two different irreducible com- 
i 

ponents of = |J such that Di n Da ^ 0. For any pair (i,j) with i ^ j, let 

k=l 

(Di n DjOoo := [j Di n Dj n D k and {Di n Dj)* : = (A n Dj) - (Di n Dj)^. 

l<k<l,k^i,k^j 

We have that 

Re S t Di nD 3 (Rest Di ((dd<S> g , r ) p )) = Rest D . nD . (Rest Dj ((dM^f)) 

and that Restz^nD (Rest£) i ((<9<9<3? Sj r) p )) is a closed smooth form on (Di n Dj)* having Poincare 
growth on (Di HDj)^, where the operators Rest^ , Rest £>. and Rest^nDj ar ^ defined in \4-2.1 



Proof. For convenience, let * = 1 and j = 2. There exists a minimal cusp 3min and a top- 
dimensional cone cr max in the polyhedral decomposition £# min := {<7 Q } a of the convex cone 
C(3mm) such that L>i,Z?2 correspond to two different edges p\ := R>o-EiiP2 := M>o-E2 of <7 max . 
Let (U a , (wf, • • • , Wtf))(N = dime «4 a ,r) be a local chart as 14. 1.11 such that {wf = 0} = U a n Dj 
for i = 1, 2. We write the volume <£> 9j r in the chart (Z7 a , (wf , • • • , u^)) as 

i^r) N A A d< 

Ki<N 



(ni<i<iv Ki 2 )(^«(iog ki, ■ • • , log i^d)^ 1 ■ 

For convenience, let S'min he the standard minimal cusp ^o* Then, E\ and E2 are semi-positive 
g x g symmetric real matrices. By the lemma [2.161 we have 

rank(E'j) = 1 or g for i = 1, 2. 

Then, we need to check the following three cases. 

• ranki^i = g or rankA = 9 '■ Let ranki^i = g. Then, 

F a (xi,X2, • • • , Xjv) = Constant • xf + terms of lower dgeree of xi, 

and so 

Rest Z)l ((95$ 9i r) p ) = in U a and Restz) in D 2 (Restz) 2 ((dd<l> 9i r) p )) = in U a . 

• ranki^i = rankA = 1 and there is an orthogonal g x g matrix O such that 

T E l O = diag[Ai,i,0,-- - ,0](A X| i > 0) and O t E 2 = diag[A 2 ,i, 0, • • • ,0](A 2 ,i > 0) : 
Then, the homogenous polynomial F a has the form 

F a (x\, X2, ■ ■ ■ , xpf) = S(x3, ■ ■ ■ ,xn) • (Ai^xi + A2,iX2) + terms without x\ and x 2 , 

and so RestD 1 nD 2 (R es ^D 1 ((dd^g t r) p )) = Rest£) in £) 2 (Rest£) 2 ((<9<9<I> 9i r) p )) = in U a . 

• Otherwise, the homogenous polynomial F a has the form 

F a (x\, X2, • • • ,xn) = S(xs, ■ ■ ■ ,xn) • x\X2 + terms without x\ and x 2 , 

and so RestD 1 nD 2 ( Rest Oi((^^ > 9,r) P )) = Rest DinD2 (Rest D2 ((dd$ g! r) p )) in U a . 
The rest can be obtained by using same method in the proof of the proposition 14.21 □ 
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We observe that these Restr^nD., (Rest.D j (<?0$p ) r))'s(i 7^ j), Resto^dd^r))^ all have same 
type as <9<9<3? 9i r and all have Poincare growth on boundary. 

Theorem 4.16. Let T C Sp(g,Z) 6e a neat arithmetic subgroup and Ej a T$ (or GL(g,Z))- 
admissible polyhedral decomposition o/C(5o) regular with respect to T. Let A g p be the symmetric 
toroidal compactification of A g r '- = ^)g/^ constructed by Xj . 

Assume that the boundary divisor := A g> r \ A g> r is simple normal crossing. Let d be an 
integer with 1 < d < dim<c.A 5 ,r — 1 and let D\, • • • , be any d different irreducible components 

d 

of the boundary divisor such that |~| Dk 7^ 0. We have : 

k=l 

1. If d > g — 1 then the intersection number 

Dl 1 --- ■ r + D^d^c^.r-ELiifc = 
d 

for any d positive integers • • • , id with ^2 ik < dime A g x- 

k=l 

2. The divisor K-^ ^ + Z)^ is not ample on A g ,r- 

3. Define £>W := D u £> (2) := £> (1) nflj,-, £> (d) := £> ( ^ 1} n A*. For d < g - I, there is 

(K :Agr + D 00 ) di ^ A ^- d -D 1 ---D d 

= [ d Rest 1)(d) (Rest D(d _ 1) ---(Rest D(1) ((^a5cI> 5i r) dimc - 4 - r - d ))---) 

fc=l 

where the operators Rest D (fc) k = 1, ■ • ■ , d are defined in \4-2.1\ 

Proof. The statement (2) is a direct consequence of the statement (1). For each i, let || • • • ||j be 
an arbitrary Hermitian metric on r (Di). Using estimates in the lemmas l4.9M4.13t we have 

dim c A,. r 

/ Re S t i3l ((^ g) r) dimc " Afl ' r " d )A( A C ^°A , r (A),IHI0) 
Jd * 1=2 

dimc^4 s ,r 

= / Rest Dl nD 2 (Rest Dl ((^, r ) 9 ' )) A ( A c x ((D^ (A), II • 110) 

JD^D 2 l=3 9 ' 

Therefore, we can finish proving statements (1) and (3) in this theorem by recurrence since all 
local volume functions have degree g. □ 

Example 4.17. Suppose that d(< g — 1) different irreducible components D\, ■ ■ ■ .D^ of := 

_ d 

A g ,r \ A g ,r has f] D x ^ 0. Let (U a , (wf, ■■■ , w%))(N = dim c A g ,r) be a local chart as [4TTTT1 
1=1 

such that {wf = 0} = U a D D{ for alH = 1, • • ■ , d. The following is an algorithm processor to 
produce 

Xa := Rest jD (d)(Rest jD ( d -i) ■ ■ ■Rest DW ((dd$ g , T ) N ~ d ))\ a ■ 

1=1 

00: Begin 

10: Input N = g(g + l)/2 and the volume $ 9) r in the local chart (U a , (wf, • • • , w^)) as 

(^?) 7V A dwf A d< 

<T> — l<i<N 

a ~ (ni<,<7vi<i 2 )(^aog ki,--- ,io g |«#i))9+i' 
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where F a £ M[xi, ■ ■ ■ ,xjsr] is a homogenous polynomial in of degree g. 
Let k = and let So(x\, • • • , xjv) := F a (xi, ■ ■ ■ , xjv)- 
20: Let f(x\, ■ ■ ■ ,xn)'= Sk(x\, ■ ■ ■ ,xn) and q := k + 1. 
30: Let k = q and let n := deg fc f(x±, ■ ■ ■ ,xn)- Write 

/ = Sk(xk+i, ■ ■ ■ ,xn)x^ + terms of lower degree of x k . 

40: Let P = {Pim)i<i,m<N be a N x N matrix given by 

d 2 s k ds k ds k 



Plm — 5fc 



dxidx m dxi dx r 



Let g k {x k+1 , ■ ■ ■ x N ) := det(P [ [ 1 1 ' 2 2 ;' i ' i '^). 
50: If k < d then goto 20. Otherwise, output 



N 

A dw^Adwf 

g d (log|wg +1 |,--- ,log|w^|) i=d+ i 

5 d (log|< +1 |,...,log|^|)^) ( iv a 

i=d+l 



60: End. 
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